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Generative Interpretability: Application in Disease
Subtyping

Payman Yadollahpour, Ardavan Saeedi, Sumedha Singla, Frank C. Sciurba, Kayhan Batmanghelich

Abstract—We present a probabilistic approach to characterize
heterogeneous disease in a way that is reflective of disease
severity. In many diseases, multiple subtypes of disease present
simultaneously in each patient. Generative models provide a
flexible and readily explainable framework to discover disease
subtypes from imaging data. However, discovering local image
descriptors of each subtype in a fully unsupervised way is an ill-
posed problem and may result in loss of valuable information
about disease severity. Although supervised approaches, and
more recently deep learning methods, have achieved state-of-
the-art performance for predicting clinical variables relevant to
diagnosis, interpreting those models is a crucial yet challenging
task. In this paper, we propose a method that aims to achieve the
best of both worlds, namely we maintain the predictive power
of supervised methods and the interpretability of probabilistic
methods. Taking advantage of recent progress in deep learn-
ing, we propose to incorporate the discriminative information
extracted by the predictive model into the posterior distribution
over the latent variables of the generative model. Hence, one
can view the generative model as a template for interpretation
of a discriminative method in a clinically meaningful way. We
illustrate an application of this method on a large-scale lung
CT study of Chronic Obstructive Pulmonary Disease (COPD),
which is a highly heterogeneous disease. As our experiments show,
our interpretable model does not compromise the prediction
of the relevant clinical variables, unlike purely unsupervised
methods. We also show that some of the discovered subtypes
are correlated with genetic measurements suggesting that the
discovered subtypes characterize the underlying etiology of the
disease.

Index Terms—Interpretable Models, Disease Subtyping, Varia-
tional Inference, Neural Network, Generative Model, Discrimina-
tive Model, Probabilistic Graphical Model, Chronic Obstructive
Pulmonary Disease, COPD.

I. INTRODUCTION

Characterizing the heterogeneity of diseases is essential
in understanding their etiology [1], improving prediction of
patient survival [2], and guiding patient treatment [3], [4].

Maunscript received August 1, 2019. This work was supported in part by
the NIH under Grant R01HL141813-01, and the NSF under Grant 1839332
TRIPODS+X.

P. Yadollahpour is with the Department of Biomedical Informatics, Uni-
versity of Pittsburgh, Pittsburgh, PA 15206 USA (e-mail: payman@pitt.edu).
He is also with the Computer Science and Artificial Intelligence Laboratory,
Massachusetts Institute of Technology, Cambridge, MA 02139 USA (e-mail:
pyadolla@csail.mit.edu).

A. Saeedi is with Butterfly Network Inc., New York, NY 10010 USA (e-
mail: asaeedi@butterflynetwork.com).

S. Singla is with the Department of Biomedical Informatics, University of
Pittsburgh, Pittsburgh, PA 15206 USA (e-mail: sumedha.singla@pitt.edu).

F. C. Sciurba is with the Department of Medicine, University of Pittsburgh,
Pittsburgh, PA 15261 USA (e-mail: sciurbafc@upmc.edu).

K. Batmanghelich is with the Department of Biomedical Informatics, Uni-
versity of Pittsburgh, Pittsburgh, PA 15206 USA (e-mail: kayhan@pitt.edu).

However, it is a challenging problem since there are many
sources of variation at the patient and population-level. It is
essential to define heterogeneity objectively such that it is
reflective of disease severity. In this paper, we propose to
build a generative model to explain variations in the patient
and population levels. To ensure the explanation is predictive
of disease severity, we train a predictive model that interacts
with the generative model in a novel way. We apply our
approach in the context of Chronic Obstructive Pulmonary
Disease (COPD), which is a highly heterogeneous disease [5],
[6].

COPD, which is characterized by inflammation of the
airway and destruction of the air sacs (emphysema) [7], is
the leading cause of death worldwide [8], [9]. There are dif-
ferences between risk factors of different COPD subtypes [10],
and hence understanding subtypes is important. Respirometry
measurement is used for the diagnosis of COPD; however,
it cannot identify the underlying process of COPD. Hence,
computed tomography (CT) imaging, which allows direct
qualitative and quantitative evaluation of tissue destruction,
is routinely requested for COPD patients. For example, phe-
notypic abnormality of emphysema is evident from CT im-
ages [11], [12]. Although there has been significant work
on defining visual subtypes of emphysema [12]–[19] from
CT images, there is significant intra-reader and inter-reader
variability of visual subtypes [20], [21]. In this paper, we aim
at the discovery of visual subtypes in a data-driven way so
that they are reflective of disease severity.

Various unsupervised subtype discovery methods have been
proposed. Image-based phenotype discovery in CT images via
spatial texture patterns have been explored in emphysema [14],
[15]. Ross et al. [12] propose a generative graphical model that
incorporates patient trajectories to identify disease subtypes
for COPD. Binder et al. [20] present a generative model for
unsupervised discovery of visual subtypes for COPD along
with inferring population structure. Their method identifies
sub-populations and clusters of image pattern simultaneously.
One of the underlying assumptions of these methods is that the
patient population can be divided into sub-populations, which
is disputed for COPD [22]. Furthermore, these methods are
unsupervised – solving a highly ill-posed problem – hence,
the resulting subtypes may not reflect disease severity.

On the other hand, many supervised methods have been
proposed to characterize the severity of lung diseases from CT
images [11], [16]–[19]. These methods study local descriptors
such as local binary pattern (LBP) [17], wavelet and gray-level
features [18] as well as various predictive methods ranging
from k−nearest neighbor classifier [17] to Support Vector
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Machine (SVM) [11]. However, it is not clear how these
methods can inform subtype discovery. Furthermore, thanks
to advances in deep learning, the field is shifting toward less
generic and more task-specific local descriptors [23], [24]
which are more challenging to incorporate with subtyping
approaches.

Our proposed approach is different from the previous works
in two directions: (1) Rather than modeling the disease cohort
into sub-populations, we view it as a continuum. We aim at
discovering sub-processes across the disease cohort; each pa-
tient is a mixture of these sub-processes. We assume that these
sub-processes are manifested in the CT images. We use a prob-
abilistic generative approach for modeling, where the image
signature of the subtypes and the patient-specific mixture are
latent variables. (2) To ensure that discovered sub-processes
are related to the disease severity and not just anatomical
variation, we proposed a novel approach to combine the
generative model with a predictive model. The predictive
model extracts discriminative information from the images. We
propose a novel way to incorporate this information into the
posterior distribution of the latent variables. Alternatively, our
generative model can be viewed as a template for interpretation
of the discriminative method in a clinically meaningful way.
It is a generic framework that is applicable for any choice of
predictive model, for example, a deep learning-based method.

This paper makes the following contributions:
• We develop a general framework that allows an explana-

tion template (via a generative model) for a discriminative
model. Our approach does not compromise the predictive
power of the discriminative model.

• Our framework enables us to incorporate prior knowledge
into the explanation. The choice of template is problem
dependent. Given that COPD is a heterogeneous disease,
a topic model is a natural template for the explanation.

• We propose an efficient algorithm for approximate infer-
ence of the posterior distribution over the latent variables,
including the image signature of the subtypes and ensur-
ing the discovered subtypes are disease relevant.

• We apply our method on a large scale COPD study
showing good predictive performance and clinically in-
terpretable subtypes. Three of the subtypes are shown to
have significant genetic heritability.

II. METHOD

A. Overview of the Model

We develop a framework to explain a discriminative model.
The discriminative model predicts the severity of lung disease
from CT images. Our framework allows a user to provide a
template for the explainer model. The template is provided in
the form of a Probabilistic Graphical Model (PGM). Although
our approach is general, we aim at a specific way of explaining
the discriminative model in this paper where the lung region
of a patient is divided into K different tissue subtypes. The
Explainer models the data by fitting K typical reoccurring
imaging patterns across the population. We dub the typical
pattern a tissue subtype. Such a specific way of explaining
data results in the so-called topic model [25] as a template

of the graphical model; the topics are tissue subtypes. Hence,
we use “subtype” and “topic” interchangeably. As a result,
our Explainer model can be viewed as a subtyping method
that incorporates the discriminative information. Subtyping,
using topic modeling, can be done in a fully unsupervised
fashion [12], [20]; however, (1) the predictive performance of
the generative model is reduced, and (2) there is no guarantee
that the derived topics are related to the abnormality. Our
model addresses these issues. Our method consists of three
building blocks:
• Predictive Model: A forward discriminative model that

accepts images (Is) as input and produces the disease
severity “ys” as output. It is also produces a subject-level
representation (ts) that summarizes the discriminative
information of Is to predict “ys”. The discriminative
model can be a deep neural network or a complicated
pipeline of functions leading to a prediction.

• Explainer Template: A probabilistic graphical model
(PGM) specifying a template for the explanation. A PGM
is a general framework to represent dependencies between
observed and hidden random variables [26]. One can view
the explainer as a decoder that maps the latent variables to
an observation [27], [28]. In this paper, topic modeling is
used as the decoder where the latent variables correspond
to image patterns of the subtypes across the population,
the proportion of the subtypes in each patient, and the
corresponding spatial distribution over the lung region
for each patient.

• Posterior Explainer: An encoder that uses the subject-
level representation from the discriminative model (ts)
along with imaging data to produce the posterior distri-
bution over the latent variables of the template model.

The general idea of the paper is shown in Fig.1.
In this paper, we adopt the Bag of Words (BOW)

model [29]. It represents a subject s with a set, Xs, containing
features extracted from Ns regions covering the lung region
of subject s. This modeling choice allows us to accommodate
lungs of different sizes; the number of elements in Xs can vary
depending on the size of the lungs. The BOW model assumes
that features of every subject, xsn ∈ Xs, are drawn from
subject-specific probability distributions, i.e., xsn ∼ ps. Those
regions can be patches or supervoxels covering the lung area;
in this paper we use supervoxels. The xsn ∈ RD represents a
D-dimensional descriptor centered at spatial location n in the
image of subject s. Effectively,

1) Our discriminative model maps subject probability den-
sities, ps, to their corresponding disease severity values,
ys’s, without directly modeling ps.

2) The explainer template provides a parametric form for
ps.

3) Finally, the posterior model uses the subject-level rep-
resentation and Xs to estimate the parameters of the
template model.

In the following section, we present our discriminative
model (Section II-B) followed by the Explainer (Section II-C).
We discuss our specific choice for the Explainer model and
show how the prediction and Explainer models can interact.
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<latexit sha1_base64="CM44Oi2ggjSOoNrF8wZf/iR7cdQ=">AAAB+HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoY5mA+YDkCHubSbJk9+7Y3RPOI7/AVns7sfXf2PpL3CRXmMQHA4/3ZpiZF8SCa+O6305hY3Nre6e4W9rbPzg8Kh+ftHSUKIZNFolIdQKqUfAQm4YbgZ1YIZWBwHYwuZ/57SdUmkfho0lj9CUdhXzIGTVWaqT9csWtunOQdeLlpAI56v3yT28QsURiaJigWnc9NzZ+RpXhTOC01Es0xpRN6Ai7loZUovaz+aFTcmGVARlGylZoyFz9O5FRqXUqA9spqRnrVW8m/ud1EzO89TMexonBkC0WDRNBTERmX5MBV8iMSC2hTHF7K2FjqigzNpulLYGclmwo3moE66R1VfXcqte4rtTu8niKcAbncAke3EANHqAOTWCA8AKv8OY8O+/Oh/O5aC04+cwpLMH5+gUWKJOj</latexit><latexit sha1_base64="CM44Oi2ggjSOoNrF8wZf/iR7cdQ=">AAAB+HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoY5mA+YDkCHubSbJk9+7Y3RPOI7/AVns7sfXf2PpL3CRXmMQHA4/3ZpiZF8SCa+O6305hY3Nre6e4W9rbPzg8Kh+ftHSUKIZNFolIdQKqUfAQm4YbgZ1YIZWBwHYwuZ/57SdUmkfho0lj9CUdhXzIGTVWaqT9csWtunOQdeLlpAI56v3yT28QsURiaJigWnc9NzZ+RpXhTOC01Es0xpRN6Ai7loZUovaz+aFTcmGVARlGylZoyFz9O5FRqXUqA9spqRnrVW8m/ud1EzO89TMexonBkC0WDRNBTERmX5MBV8iMSC2hTHF7K2FjqigzNpulLYGclmwo3moE66R1VfXcqte4rtTu8niKcAbncAke3EANHqAOTWCA8AKv8OY8O+/Oh/O5aC04+cwpLMH5+gUWKJOj</latexit><latexit sha1_base64="CM44Oi2ggjSOoNrF8wZf/iR7cdQ=">AAAB+HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoY5mA+YDkCHubSbJk9+7Y3RPOI7/AVns7sfXf2PpL3CRXmMQHA4/3ZpiZF8SCa+O6305hY3Nre6e4W9rbPzg8Kh+ftHSUKIZNFolIdQKqUfAQm4YbgZ1YIZWBwHYwuZ/57SdUmkfho0lj9CUdhXzIGTVWaqT9csWtunOQdeLlpAI56v3yT28QsURiaJigWnc9NzZ+RpXhTOC01Es0xpRN6Ai7loZUovaz+aFTcmGVARlGylZoyFz9O5FRqXUqA9spqRnrVW8m/ud1EzO89TMexonBkC0WDRNBTERmX5MBV8iMSC2hTHF7K2FjqigzNpulLYGclmwo3moE66R1VfXcqte4rtTu8niKcAbncAke3EANHqAOTWCA8AKv8OY8O+/Oh/O5aC04+cwpLMH5+gUWKJOj</latexit><latexit sha1_base64="CM44Oi2ggjSOoNrF8wZf/iR7cdQ=">AAAB+HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoY5mA+YDkCHubSbJk9+7Y3RPOI7/AVns7sfXf2PpL3CRXmMQHA4/3ZpiZF8SCa+O6305hY3Nre6e4W9rbPzg8Kh+ftHSUKIZNFolIdQKqUfAQm4YbgZ1YIZWBwHYwuZ/57SdUmkfho0lj9CUdhXzIGTVWaqT9csWtunOQdeLlpAI56v3yT28QsURiaJigWnc9NzZ+RpXhTOC01Es0xpRN6Ai7loZUovaz+aFTcmGVARlGylZoyFz9O5FRqXUqA9spqRnrVW8m/ud1EzO89TMexonBkC0WDRNBTERmX5MBV8iMSC2hTHF7K2FjqigzNpulLYGclmwo3moE66R1VfXcqte4rtTu8niKcAbncAke3EANHqAOTWCA8AKv8OY8O+/Oh/O5aC04+cwpLMH5+gUWKJOj</latexit>

I<latexit sha1_base64="xgeV8bluxDzcZ8XYdt4kWjjyyho=">AAAB+HicbVA9SwNBEJ3zM8avqKXNYhCswp0IWgZttEvAfEByhL3NXLJkb+/Y3RPikV9gq72d2PpvbP0lbpIrTOKDgcd7M8zMCxLBtXHdb2dtfWNza7uwU9zd2z84LB0dN3WcKoYNFotYtQOqUXCJDcONwHaikEaBwFYwupv6rSdUmsfy0YwT9CM6kDzkjBor1R96pbJbcWcgq8TLSRly1Hqln24/ZmmE0jBBte54bmL8jCrDmcBJsZtqTCgb0QF2LJU0Qu1ns0Mn5NwqfRLGypY0ZKb+nchopPU4CmxnRM1QL3tT8T+vk5rwxs+4TFKDks0XhakgJibTr0mfK2RGjC2hTHF7K2FDqigzNpuFLUE0KdpQvOUIVknzsuK5Fa9+Va7e5vEU4BTO4AI8uIYq3EMNGsAA4QVe4c15dt6dD+dz3rrm5DMnsADn6xfKWZNz</latexit><latexit sha1_base64="xgeV8bluxDzcZ8XYdt4kWjjyyho=">AAAB+HicbVA9SwNBEJ3zM8avqKXNYhCswp0IWgZttEvAfEByhL3NXLJkb+/Y3RPikV9gq72d2PpvbP0lbpIrTOKDgcd7M8zMCxLBtXHdb2dtfWNza7uwU9zd2z84LB0dN3WcKoYNFotYtQOqUXCJDcONwHaikEaBwFYwupv6rSdUmsfy0YwT9CM6kDzkjBor1R96pbJbcWcgq8TLSRly1Hqln24/ZmmE0jBBte54bmL8jCrDmcBJsZtqTCgb0QF2LJU0Qu1ns0Mn5NwqfRLGypY0ZKb+nchopPU4CmxnRM1QL3tT8T+vk5rwxs+4TFKDks0XhakgJibTr0mfK2RGjC2hTHF7K2FDqigzNpuFLUE0KdpQvOUIVknzsuK5Fa9+Va7e5vEU4BTO4AI8uIYq3EMNGsAA4QVe4c15dt6dD+dz3rrm5DMnsADn6xfKWZNz</latexit><latexit sha1_base64="xgeV8bluxDzcZ8XYdt4kWjjyyho=">AAAB+HicbVA9SwNBEJ3zM8avqKXNYhCswp0IWgZttEvAfEByhL3NXLJkb+/Y3RPikV9gq72d2PpvbP0lbpIrTOKDgcd7M8zMCxLBtXHdb2dtfWNza7uwU9zd2z84LB0dN3WcKoYNFotYtQOqUXCJDcONwHaikEaBwFYwupv6rSdUmsfy0YwT9CM6kDzkjBor1R96pbJbcWcgq8TLSRly1Hqln24/ZmmE0jBBte54bmL8jCrDmcBJsZtqTCgb0QF2LJU0Qu1ns0Mn5NwqfRLGypY0ZKb+nchopPU4CmxnRM1QL3tT8T+vk5rwxs+4TFKDks0XhakgJibTr0mfK2RGjC2hTHF7K2FDqigzNpuFLUE0KdpQvOUIVknzsuK5Fa9+Va7e5vEU4BTO4AI8uIYq3EMNGsAA4QVe4c15dt6dD+dz3rrm5DMnsADn6xfKWZNz</latexit><latexit sha1_base64="xgeV8bluxDzcZ8XYdt4kWjjyyho=">AAAB+HicbVA9SwNBEJ3zM8avqKXNYhCswp0IWgZttEvAfEByhL3NXLJkb+/Y3RPikV9gq72d2PpvbP0lbpIrTOKDgcd7M8zMCxLBtXHdb2dtfWNza7uwU9zd2z84LB0dN3WcKoYNFotYtQOqUXCJDcONwHaikEaBwFYwupv6rSdUmsfy0YwT9CM6kDzkjBor1R96pbJbcWcgq8TLSRly1Hqln24/ZmmE0jBBte54bmL8jCrDmcBJsZtqTCgb0QF2LJU0Qu1ns0Mn5NwqfRLGypY0ZKb+nchopPU4CmxnRM1QL3tT8T+vk5rwxs+4TFKDks0XhakgJibTr0mfK2RGjC2hTHF7K2FDqigzNpuFLUE0KdpQvOUIVknzsuK5Fa9+Va7e5vEU4BTO4AI8uIYq3EMNGsAA4QVe4c15dt6dD+dz3rrm5DMnsADn6xfKWZNz</latexit>

h2KTH�i2
JQ/2H

<latexit sha1_base64="mnPZi5czJhvQ1PAZOw4Mtg2dgQU=">AAACJnicbVDLSgMxFM3UVx1fVZdugkVwY5npRhcuCm7cCBX6gk4pmcxtG5pkhiQjlKFf4U/4C251707Enfglpg/Bth4IHM65h3tzwoQzbTzv08mtrW9sbuW33Z3dvf2DwuFRQ8epolCnMY9VKyQaOJNQN8xwaCUKiAg5NMPhzcRvPoDSLJY1M0qgI0hfsh6jxFipW7gIQugzmVGQBtTYrYFIODGAgwDfxRFwNwAZ/drdQtEreVPgVeLPSRHNUe0WvoMopqmwccqJ1m3fS0wnI8owymHsBqmGhNAh6UPbUkkE6E42/dYYn1klwr1Y2ScNnqp/ExkRWo9EaCcFMQO97E3E/7x2anpXnYzJJDUg6WxRL+XYxHjSEY6YAmr4yBJCFbO3YjogilDbweKWUIxdW4q/XMEqaZRLvlfy78vFyvW8njw6QafoHPnoElXQLaqiOqLoET2jF/TqPDlvzrvzMRvNOfPMMVqA8/UDsuemKg==</latexit><latexit sha1_base64="mnPZi5czJhvQ1PAZOw4Mtg2dgQU=">AAACJnicbVDLSgMxFM3UVx1fVZdugkVwY5npRhcuCm7cCBX6gk4pmcxtG5pkhiQjlKFf4U/4C251707Enfglpg/Bth4IHM65h3tzwoQzbTzv08mtrW9sbuW33Z3dvf2DwuFRQ8epolCnMY9VKyQaOJNQN8xwaCUKiAg5NMPhzcRvPoDSLJY1M0qgI0hfsh6jxFipW7gIQugzmVGQBtTYrYFIODGAgwDfxRFwNwAZ/drdQtEreVPgVeLPSRHNUe0WvoMopqmwccqJ1m3fS0wnI8owymHsBqmGhNAh6UPbUkkE6E42/dYYn1klwr1Y2ScNnqp/ExkRWo9EaCcFMQO97E3E/7x2anpXnYzJJDUg6WxRL+XYxHjSEY6YAmr4yBJCFbO3YjogilDbweKWUIxdW4q/XMEqaZRLvlfy78vFyvW8njw6QafoHPnoElXQLaqiOqLoET2jF/TqPDlvzrvzMRvNOfPMMVqA8/UDsuemKg==</latexit><latexit sha1_base64="mnPZi5czJhvQ1PAZOw4Mtg2dgQU=">AAACJnicbVDLSgMxFM3UVx1fVZdugkVwY5npRhcuCm7cCBX6gk4pmcxtG5pkhiQjlKFf4U/4C251707Enfglpg/Bth4IHM65h3tzwoQzbTzv08mtrW9sbuW33Z3dvf2DwuFRQ8epolCnMY9VKyQaOJNQN8xwaCUKiAg5NMPhzcRvPoDSLJY1M0qgI0hfsh6jxFipW7gIQugzmVGQBtTYrYFIODGAgwDfxRFwNwAZ/drdQtEreVPgVeLPSRHNUe0WvoMopqmwccqJ1m3fS0wnI8owymHsBqmGhNAh6UPbUkkE6E42/dYYn1klwr1Y2ScNnqp/ExkRWo9EaCcFMQO97E3E/7x2anpXnYzJJDUg6WxRL+XYxHjSEY6YAmr4yBJCFbO3YjogilDbweKWUIxdW4q/XMEqaZRLvlfy78vFyvW8njw6QafoHPnoElXQLaqiOqLoET2jF/TqPDlvzrvzMRvNOfPMMVqA8/UDsuemKg==</latexit><latexit sha1_base64="mnPZi5czJhvQ1PAZOw4Mtg2dgQU=">AAACJnicbVDLSgMxFM3UVx1fVZdugkVwY5npRhcuCm7cCBX6gk4pmcxtG5pkhiQjlKFf4U/4C251707Enfglpg/Bth4IHM65h3tzwoQzbTzv08mtrW9sbuW33Z3dvf2DwuFRQ8epolCnMY9VKyQaOJNQN8xwaCUKiAg5NMPhzcRvPoDSLJY1M0qgI0hfsh6jxFipW7gIQugzmVGQBtTYrYFIODGAgwDfxRFwNwAZ/drdQtEreVPgVeLPSRHNUe0WvoMopqmwccqJ1m3fS0wnI8owymHsBqmGhNAh6UPbUkkE6E42/dYYn1klwr1Y2ScNnqp/ExkRWo9EaCcFMQO97E3E/7x2anpXnYzJJDUg6WxRL+XYxHjSEY6YAmr4yBJCFbO3YjogilDbweKWUIxdW4q/XMEqaZRLvlfy78vFyvW8njw6QafoHPnoElXQLaqiOqLoET2jF/TqPDlvzrvzMRvNOfPMMVqA8/UDsuemKg==</latexit>

.Bb2�b2
a2p2`Biv

<latexit sha1_base64="4qBfkoBRtWXRkcIwn6UP9vfQk5U=">AAACKHicbVDLSsNAFJ3UV42vqks3g0VwVZNudOGioAuXFe0DmlAmk9t26GQSZiZCCP0Mf8JfcKt7d9Jtv8TpQ7CtBwYO59xzL3OChDOlHWdsFTY2t7Z3irv23v7B4VHp+KSp4lRSaNCYx7IdEAWcCWhopjm0EwkkCji0guHd1G+9gFQsFs86S8CPSF+wHqNEG6lbuvIC6DORUxAa5Mi+ZwrMOux5+AlMkOnM9kCEvwPdUtmpODPgdeIuSBktUO+WJl4Y0zQyccqJUh3XSbSfE6kZ5TCyvVRBQuiQ9KFjqCARKD+ffWyEL4wS4l4szRMaz9S/iZxESmVRYCYjogdq1ZuK/3mdVPdu/JyJJNUg6PxQL+VYx3jaEg6ZBKp5ZgihpgRGMR0QSajpYPlKEI1sU4q7WsE6aVYrrlNxH6vl2u2iniI6Q+foErnoGtXQA6qjBqLoFb2jD/RpvVlf1rc1no8WrEXmFC3BmvwAlQinKg==</latexit><latexit sha1_base64="4qBfkoBRtWXRkcIwn6UP9vfQk5U=">AAACKHicbVDLSsNAFJ3UV42vqks3g0VwVZNudOGioAuXFe0DmlAmk9t26GQSZiZCCP0Mf8JfcKt7d9Jtv8TpQ7CtBwYO59xzL3OChDOlHWdsFTY2t7Z3irv23v7B4VHp+KSp4lRSaNCYx7IdEAWcCWhopjm0EwkkCji0guHd1G+9gFQsFs86S8CPSF+wHqNEG6lbuvIC6DORUxAa5Mi+ZwrMOux5+AlMkOnM9kCEvwPdUtmpODPgdeIuSBktUO+WJl4Y0zQyccqJUh3XSbSfE6kZ5TCyvVRBQuiQ9KFjqCARKD+ffWyEL4wS4l4szRMaz9S/iZxESmVRYCYjogdq1ZuK/3mdVPdu/JyJJNUg6PxQL+VYx3jaEg6ZBKp5ZgihpgRGMR0QSajpYPlKEI1sU4q7WsE6aVYrrlNxH6vl2u2iniI6Q+foErnoGtXQA6qjBqLoFb2jD/RpvVlf1rc1no8WrEXmFC3BmvwAlQinKg==</latexit><latexit sha1_base64="4qBfkoBRtWXRkcIwn6UP9vfQk5U=">AAACKHicbVDLSsNAFJ3UV42vqks3g0VwVZNudOGioAuXFe0DmlAmk9t26GQSZiZCCP0Mf8JfcKt7d9Jtv8TpQ7CtBwYO59xzL3OChDOlHWdsFTY2t7Z3irv23v7B4VHp+KSp4lRSaNCYx7IdEAWcCWhopjm0EwkkCji0guHd1G+9gFQsFs86S8CPSF+wHqNEG6lbuvIC6DORUxAa5Mi+ZwrMOux5+AlMkOnM9kCEvwPdUtmpODPgdeIuSBktUO+WJl4Y0zQyccqJUh3XSbSfE6kZ5TCyvVRBQuiQ9KFjqCARKD+ffWyEL4wS4l4szRMaz9S/iZxESmVRYCYjogdq1ZuK/3mdVPdu/JyJJNUg6PxQL+VYx3jaEg6ZBKp5ZgihpgRGMR0QSajpYPlKEI1sU4q7WsE6aVYrrlNxH6vl2u2iniI6Q+foErnoGtXQA6qjBqLoFb2jD/RpvVlf1rc1no8WrEXmFC3BmvwAlQinKg==</latexit><latexit sha1_base64="4qBfkoBRtWXRkcIwn6UP9vfQk5U=">AAACKHicbVDLSsNAFJ3UV42vqks3g0VwVZNudOGioAuXFe0DmlAmk9t26GQSZiZCCP0Mf8JfcKt7d9Jtv8TpQ7CtBwYO59xzL3OChDOlHWdsFTY2t7Z3irv23v7B4VHp+KSp4lRSaNCYx7IdEAWcCWhopjm0EwkkCji0guHd1G+9gFQsFs86S8CPSF+wHqNEG6lbuvIC6DORUxAa5Mi+ZwrMOux5+AlMkOnM9kCEvwPdUtmpODPgdeIuSBktUO+WJl4Y0zQyccqJUh3XSbSfE6kZ5TCyvVRBQuiQ9KFjqCARKD+ffWyEL4wS4l4szRMaz9S/iZxESmVRYCYjogdq1ZuK/3mdVPdu/JyJJNUg6PxQL+VYx3jaEg6ZBKp5ZgihpgRGMR0QSajpYPlKEI1sU4q7WsE6aVYrrlNxH6vl2u2iniI6Q+foErnoGtXQA6qjBqLoFb2jD/RpvVlf1rc1no8WrEXmFC3BmvwAlQinKg==</latexit>

ts
<latexit sha1_base64="CIr9aC2s3b0K9pvdo5F+Wh5DXY4="></latexit><latexit sha1_base64="CIr9aC2s3b0K9pvdo5F+Wh5DXY4="></latexit><latexit sha1_base64="CIr9aC2s3b0K9pvdo5F+Wh5DXY4="></latexit><latexit sha1_base64="CIr9aC2s3b0K9pvdo5F+Wh5DXY4="></latexit>

Xs
<latexit sha1_base64="QbY02jF5mJGBiMTGFcZOpemHsWo=">AAACBHicbVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sYxgHpAsYXYymwyZmV1nZoWwbOsv2GpvJ7b+h61f4myyhUk8cOFwzr3cwwlizrRx3W+ntLa+sblV3q7s7O7tH1QPj9o6ShShLRLxSHUDrClnkrYMM5x2Y0WxCDjtBJPb3O88UaVZJB/MNKa+wCPJQkawsZLfF9iMCeZpNxvoQbXm1t0Z0CrxClKDAs1B9ac/jEgiqDSEY617nhsbP8XKMMJpVuknmsaYTPCI9iyVWFDtp7PQGTqzyhCFkbIjDZqpfy9SLLSeisBu5iH1speL/3m9xITXfspknBgqyfxRmHBkIpQ3gIZMUWL41BJMFLNZERljhYmxPS18CURWsaV4yxWskvZF3XPr3v1lrXFT1FOGEziFc/DgChpwB01oAYFHeIFXeHOenXfnw/mcr5ac4uYYFuB8/QKiEJj6</latexit><latexit sha1_base64="QbY02jF5mJGBiMTGFcZOpemHsWo=">AAACBHicbVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sYxgHpAsYXYymwyZmV1nZoWwbOsv2GpvJ7b+h61f4myyhUk8cOFwzr3cwwlizrRx3W+ntLa+sblV3q7s7O7tH1QPj9o6ShShLRLxSHUDrClnkrYMM5x2Y0WxCDjtBJPb3O88UaVZJB/MNKa+wCPJQkawsZLfF9iMCeZpNxvoQbXm1t0Z0CrxClKDAs1B9ac/jEgiqDSEY617nhsbP8XKMMJpVuknmsaYTPCI9iyVWFDtp7PQGTqzyhCFkbIjDZqpfy9SLLSeisBu5iH1speL/3m9xITXfspknBgqyfxRmHBkIpQ3gIZMUWL41BJMFLNZERljhYmxPS18CURWsaV4yxWskvZF3XPr3v1lrXFT1FOGEziFc/DgChpwB01oAYFHeIFXeHOenXfnw/mcr5ac4uYYFuB8/QKiEJj6</latexit><latexit sha1_base64="QbY02jF5mJGBiMTGFcZOpemHsWo=">AAACBHicbVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sYxgHpAsYXYymwyZmV1nZoWwbOsv2GpvJ7b+h61f4myyhUk8cOFwzr3cwwlizrRx3W+ntLa+sblV3q7s7O7tH1QPj9o6ShShLRLxSHUDrClnkrYMM5x2Y0WxCDjtBJPb3O88UaVZJB/MNKa+wCPJQkawsZLfF9iMCeZpNxvoQbXm1t0Z0CrxClKDAs1B9ac/jEgiqDSEY617nhsbP8XKMMJpVuknmsaYTPCI9iyVWFDtp7PQGTqzyhCFkbIjDZqpfy9SLLSeisBu5iH1speL/3m9xITXfspknBgqyfxRmHBkIpQ3gIZMUWL41BJMFLNZERljhYmxPS18CURWsaV4yxWskvZF3XPr3v1lrXFT1FOGEziFc/DgChpwB01oAYFHeIFXeHOenXfnw/mcr5ac4uYYFuB8/QKiEJj6</latexit><latexit sha1_base64="QbY02jF5mJGBiMTGFcZOpemHsWo=">AAACBHicbVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sYxgHpAsYXYymwyZmV1nZoWwbOsv2GpvJ7b+h61f4myyhUk8cOFwzr3cwwlizrRx3W+ntLa+sblV3q7s7O7tH1QPj9o6ShShLRLxSHUDrClnkrYMM5x2Y0WxCDjtBJPb3O88UaVZJB/MNKa+wCPJQkawsZLfF9iMCeZpNxvoQbXm1t0Z0CrxClKDAs1B9ac/jEgiqDSEY617nhsbP8XKMMJpVuknmsaYTPCI9iyVWFDtp7PQGTqzyhCFkbIjDZqpfy9SLLSeisBu5iH1speL/3m9xITXfspknBgqyfxRmHBkIpQ3gIZMUWL41BJMFLNZERljhYmxPS18CURWsaV4yxWskvZF3XPr3v1lrXFT1FOGEziFc/DgChpwB01oAYFHeIFXeHOenXfnw/mcr5ac4uYYFuB8/QKiEJj6</latexit>

�TT`QtBK�i2
SQbi2`BQ`

<latexit sha1_base64="XWt1H3nupqIcaSJ6wdKjo81JFEI=">AAACLXicbVDLSgMxFM3UVx1foy7dBIvgqsyUgi4rblxWsA/olJJJb9vQTDIkGbEM/RF/wl9wq3sXgrhw42+YPgTbeiBwOOdc7s2JEs608f13J7e2vrG5ld92d3b39g+8w6O6lqmiUKOSS9WMiAbOBNQMMxyaiQISRxwa0fB64jfuQWkmxZ0ZJdCOSV+wHqPEWKnjlcMI+kxkFIQBNXavkkTJBxYTAzgM3arUVmZSuSGI7m+q4xX8oj8FXiXBnBTQHNWO9xV2JU1jO0450boV+IlpZ0QZRjmM3TDVkBA6JH1oWSpIDLqdTX83xmdW6eKeVPYJg6fq34mMxFqP4sgm7dkDvexNxP+8Vmp6l+2MiSQ1IOhsUS/l2Eg8qQp3mQJq+MgSQhWzt2I6IIpQ28Hiligeu7aUYLmCVVIvFQO/GNyWCpXyvJ48OkGn6BwF6AJV0A2qohqi6BE9oxf06jw5b86H8zmL5pz5zDFagPP9AxErqXY=</latexit><latexit sha1_base64="XWt1H3nupqIcaSJ6wdKjo81JFEI=">AAACLXicbVDLSgMxFM3UVx1foy7dBIvgqsyUgi4rblxWsA/olJJJb9vQTDIkGbEM/RF/wl9wq3sXgrhw42+YPgTbeiBwOOdc7s2JEs608f13J7e2vrG5ld92d3b39g+8w6O6lqmiUKOSS9WMiAbOBNQMMxyaiQISRxwa0fB64jfuQWkmxZ0ZJdCOSV+wHqPEWKnjlcMI+kxkFIQBNXavkkTJBxYTAzgM3arUVmZSuSGI7m+q4xX8oj8FXiXBnBTQHNWO9xV2JU1jO0450boV+IlpZ0QZRjmM3TDVkBA6JH1oWSpIDLqdTX83xmdW6eKeVPYJg6fq34mMxFqP4sgm7dkDvexNxP+8Vmp6l+2MiSQ1IOhsUS/l2Eg8qQp3mQJq+MgSQhWzt2I6IIpQ28Hiligeu7aUYLmCVVIvFQO/GNyWCpXyvJ48OkGn6BwF6AJV0A2qohqi6BE9oxf06jw5b86H8zmL5pz5zDFagPP9AxErqXY=</latexit><latexit sha1_base64="XWt1H3nupqIcaSJ6wdKjo81JFEI=">AAACLXicbVDLSgMxFM3UVx1foy7dBIvgqsyUgi4rblxWsA/olJJJb9vQTDIkGbEM/RF/wl9wq3sXgrhw42+YPgTbeiBwOOdc7s2JEs608f13J7e2vrG5ld92d3b39g+8w6O6lqmiUKOSS9WMiAbOBNQMMxyaiQISRxwa0fB64jfuQWkmxZ0ZJdCOSV+wHqPEWKnjlcMI+kxkFIQBNXavkkTJBxYTAzgM3arUVmZSuSGI7m+q4xX8oj8FXiXBnBTQHNWO9xV2JU1jO0450boV+IlpZ0QZRjmM3TDVkBA6JH1oWSpIDLqdTX83xmdW6eKeVPYJg6fq34mMxFqP4sgm7dkDvexNxP+8Vmp6l+2MiSQ1IOhsUS/l2Eg8qQp3mQJq+MgSQhWzt2I6IIpQ28Hiligeu7aUYLmCVVIvFQO/GNyWCpXyvJ48OkGn6BwF6AJV0A2qohqi6BE9oxf06jw5b86H8zmL5pz5zDFagPP9AxErqXY=</latexit><latexit sha1_base64="XWt1H3nupqIcaSJ6wdKjo81JFEI=">AAACLXicbVDLSgMxFM3UVx1foy7dBIvgqsyUgi4rblxWsA/olJJJb9vQTDIkGbEM/RF/wl9wq3sXgrhw42+YPgTbeiBwOOdc7s2JEs608f13J7e2vrG5ld92d3b39g+8w6O6lqmiUKOSS9WMiAbOBNQMMxyaiQISRxwa0fB64jfuQWkmxZ0ZJdCOSV+wHqPEWKnjlcMI+kxkFIQBNXavkkTJBxYTAzgM3arUVmZSuSGI7m+q4xX8oj8FXiXBnBTQHNWO9xV2JU1jO0450boV+IlpZ0QZRjmM3TDVkBA6JH1oWSpIDLqdTX83xmdW6eKeVPYJg6fq34mMxFqP4sgm7dkDvexNxP+8Vmp6l+2MiSQ1IOhsUS/l2Eg8qQp3mQJq+MgSQhWzt2I6IIpQ28Hiligeu7aUYLmCVVIvFQO/GNyWCpXyvJ48OkGn6BwF6AJV0A2qohqi6BE9oxf06jw5b86H8zmL5pz5zDFagPP9AxErqXY=</latexit>

�TT`QtBK�i2
<latexit sha1_base64="wxIKEjX1cfGBx579rnx1gDF8zlc=">AAACAnicbVC7TgJBFJ31ifhCLW0mEhMrskujhQXGxhITeSTLhswOF5gwj83MrJFs6PwFW+3tjK0/YuuXOMAWAp5kkpNz7s09c+KEM2N9/9tbW9/Y3Nou7BR39/YPDktHx02jUk2hQRVXuh0TA5xJaFhmObQTDUTEHFrx6Hbqtx5BG6bkgx0nEAkykKzPKLFOCm+SRKsnJoiFbqnsV/wZ8CoJclJGOerd0k+np2gqQFrKiTFh4Cc2yoi2jHKYFDupgYTQERlA6KgkAkyUzSJP8LlTerivtHvS4pn6dyMjwpixiN2kCzc0y95U/M8LU9u/ijImk9SCpPND/ZRjq/D0/7jHNFDLx44QqpnLiumQaEKta2nhSiwmRVdKsFzBKmlWK4FfCe6r5dp1Xk8BnaIzdIECdIlq6A7VUQNRpNALekVv3rP37n14n/PRNS/fOUEL8L5+AQcTmBA=</latexit><latexit sha1_base64="wxIKEjX1cfGBx579rnx1gDF8zlc=">AAACAnicbVC7TgJBFJ31ifhCLW0mEhMrskujhQXGxhITeSTLhswOF5gwj83MrJFs6PwFW+3tjK0/YuuXOMAWAp5kkpNz7s09c+KEM2N9/9tbW9/Y3Nou7BR39/YPDktHx02jUk2hQRVXuh0TA5xJaFhmObQTDUTEHFrx6Hbqtx5BG6bkgx0nEAkykKzPKLFOCm+SRKsnJoiFbqnsV/wZ8CoJclJGOerd0k+np2gqQFrKiTFh4Cc2yoi2jHKYFDupgYTQERlA6KgkAkyUzSJP8LlTerivtHvS4pn6dyMjwpixiN2kCzc0y95U/M8LU9u/ijImk9SCpPND/ZRjq/D0/7jHNFDLx44QqpnLiumQaEKta2nhSiwmRVdKsFzBKmlWK4FfCe6r5dp1Xk8BnaIzdIECdIlq6A7VUQNRpNALekVv3rP37n14n/PRNS/fOUEL8L5+AQcTmBA=</latexit><latexit sha1_base64="wxIKEjX1cfGBx579rnx1gDF8zlc=">AAACAnicbVC7TgJBFJ31ifhCLW0mEhMrskujhQXGxhITeSTLhswOF5gwj83MrJFs6PwFW+3tjK0/YuuXOMAWAp5kkpNz7s09c+KEM2N9/9tbW9/Y3Nou7BR39/YPDktHx02jUk2hQRVXuh0TA5xJaFhmObQTDUTEHFrx6Hbqtx5BG6bkgx0nEAkykKzPKLFOCm+SRKsnJoiFbqnsV/wZ8CoJclJGOerd0k+np2gqQFrKiTFh4Cc2yoi2jHKYFDupgYTQERlA6KgkAkyUzSJP8LlTerivtHvS4pn6dyMjwpixiN2kCzc0y95U/M8LU9u/ijImk9SCpPND/ZRjq/D0/7jHNFDLx44QqpnLiumQaEKta2nhSiwmRVdKsFzBKmlWK4FfCe6r5dp1Xk8BnaIzdIECdIlq6A7VUQNRpNALekVv3rP37n14n/PRNS/fOUEL8L5+AQcTmBA=</latexit><latexit sha1_base64="wxIKEjX1cfGBx579rnx1gDF8zlc=">AAACAnicbVC7TgJBFJ31ifhCLW0mEhMrskujhQXGxhITeSTLhswOF5gwj83MrJFs6PwFW+3tjK0/YuuXOMAWAp5kkpNz7s09c+KEM2N9/9tbW9/Y3Nou7BR39/YPDktHx02jUk2hQRVXuh0TA5xJaFhmObQTDUTEHFrx6Hbqtx5BG6bkgx0nEAkykKzPKLFOCm+SRKsnJoiFbqnsV/wZ8CoJclJGOerd0k+np2gqQFrKiTFh4Cc2yoi2jHKYFDupgYTQERlA6KgkAkyUzSJP8LlTerivtHvS4pn6dyMjwpixiN2kCzc0y95U/M8LU9u/ijImk9SCpPND/ZRjq/D0/7jHNFDLx44QqpnLiumQaEKta2nhSiwmRVdKsFzBKmlWK4FfCe6r5dp1Xk8BnaIzdIECdIlq6A7VUQNRpNALekVv3rP37n14n/PRNS/fOUEL8L5+AQcTmBA=</latexit>

X̂s
<latexit sha1_base64="QydXaFKUWIXffEWdtk6L6+sccI8=">AAACDHicbVDLSsNAFJ3UV62vaJduBovgqiQi6LLoxmUF+4AmhMl00g6dmYSZiRBCfsFfcKt7d+LWf3Drlzhps7CtBy4czrmXezhhwqjSjvNt1TY2t7Z36ruNvf2DwyP7+KSv4lRi0sMxi+UwRIowKkhPU83IMJEE8ZCRQTi7K/3BE5GKxuJRZwnxOZoIGlGMtJECu+lNkc49jvQUI5YPiyJQgd1y2s4ccJ24FWmBCt3A/vHGMU45ERozpNTIdRLt50hqihkpGl6qSILwDE3IyFCBOFF+Pg9fwHOjjGEUSzNCw7n69yJHXKmMh2azTKlWvVL8zxulOrrxcyqSVBOBF4+ilEEdw7IJOKaSYM0yQxCW1GSFeIokwtr0tfQl5EXDlOKuVrBO+pdt12m7D1etzm1VTx2cgjNwAVxwDTrgHnRBD2CQgRfwCt6sZ+vd+rA+F6s1q7ppgiVYX78uO5v4</latexit><latexit sha1_base64="QydXaFKUWIXffEWdtk6L6+sccI8=">AAACDHicbVDLSsNAFJ3UV62vaJduBovgqiQi6LLoxmUF+4AmhMl00g6dmYSZiRBCfsFfcKt7d+LWf3Drlzhps7CtBy4czrmXezhhwqjSjvNt1TY2t7Z36ruNvf2DwyP7+KSv4lRi0sMxi+UwRIowKkhPU83IMJEE8ZCRQTi7K/3BE5GKxuJRZwnxOZoIGlGMtJECu+lNkc49jvQUI5YPiyJQgd1y2s4ccJ24FWmBCt3A/vHGMU45ERozpNTIdRLt50hqihkpGl6qSILwDE3IyFCBOFF+Pg9fwHOjjGEUSzNCw7n69yJHXKmMh2azTKlWvVL8zxulOrrxcyqSVBOBF4+ilEEdw7IJOKaSYM0yQxCW1GSFeIokwtr0tfQl5EXDlOKuVrBO+pdt12m7D1etzm1VTx2cgjNwAVxwDTrgHnRBD2CQgRfwCt6sZ+vd+rA+F6s1q7ppgiVYX78uO5v4</latexit><latexit sha1_base64="QydXaFKUWIXffEWdtk6L6+sccI8=">AAACDHicbVDLSsNAFJ3UV62vaJduBovgqiQi6LLoxmUF+4AmhMl00g6dmYSZiRBCfsFfcKt7d+LWf3Drlzhps7CtBy4czrmXezhhwqjSjvNt1TY2t7Z36ruNvf2DwyP7+KSv4lRi0sMxi+UwRIowKkhPU83IMJEE8ZCRQTi7K/3BE5GKxuJRZwnxOZoIGlGMtJECu+lNkc49jvQUI5YPiyJQgd1y2s4ccJ24FWmBCt3A/vHGMU45ERozpNTIdRLt50hqihkpGl6qSILwDE3IyFCBOFF+Pg9fwHOjjGEUSzNCw7n69yJHXKmMh2azTKlWvVL8zxulOrrxcyqSVBOBF4+ilEEdw7IJOKaSYM0yQxCW1GSFeIokwtr0tfQl5EXDlOKuVrBO+pdt12m7D1etzm1VTx2cgjNwAVxwDTrgHnRBD2CQgRfwCt6sZ+vd+rA+F6s1q7ppgiVYX78uO5v4</latexit><latexit sha1_base64="QydXaFKUWIXffEWdtk6L6+sccI8=">AAACDHicbVDLSsNAFJ3UV62vaJduBovgqiQi6LLoxmUF+4AmhMl00g6dmYSZiRBCfsFfcKt7d+LWf3Drlzhps7CtBy4czrmXezhhwqjSjvNt1TY2t7Z36ruNvf2DwyP7+KSv4lRi0sMxi+UwRIowKkhPU83IMJEE8ZCRQTi7K/3BE5GKxuJRZwnxOZoIGlGMtJECu+lNkc49jvQUI5YPiyJQgd1y2s4ccJ24FWmBCt3A/vHGMU45ERozpNTIdRLt50hqihkpGl6qSILwDE3IyFCBOFF+Pg9fwHOjjGEUSzNCw7n69yJHXKmMh2azTKlWvVL8zxulOrrxcyqSVBOBF4+ilEEdw7IJOKaSYM0yQxCW1GSFeIokwtr0tfQl5EXDlOKuVrBO+pdt12m7D1etzm1VTx2cgjNwAVxwDTrgHnRBD2CQgRfwCt6sZ+vd+rA+F6s1q7ppgiVYX78uO5v4</latexit>

Explainer Model (Topic Modeling)
<latexit sha1_base64="pdoscQCi9lr9ofuOQJEmlpUc6Dg="></latexit><latexit sha1_base64="pdoscQCi9lr9ofuOQJEmlpUc6Dg="></latexit><latexit sha1_base64="pdoscQCi9lr9ofuOQJEmlpUc6Dg="></latexit><latexit sha1_base64="pdoscQCi9lr9ofuOQJEmlpUc6Dg="></latexit>

Fig. 1: Outline of the approach consisting of separate explainer
and predictor models. The predictor model is composed of feature
extractor f computing bag of features Xs; aggregator g producing the
subject-level representation, ts, and regressor h predicting y. The ts
provide supervision to the explainer model to ensure that the patient
specific subtype proportions are relevant to the disease severity. The
explainer model consists of a template for an explanation (can be
viewed as a decoder) and a posterior estimator (can be viewed as an
encoder).

B. Predictive Model

Consider a discriminative model for predicting disease
severity ys from a subject’s lung CT image Is. We define this
model as a composition of two functions: (1) f(·) which is a
function that extracts local descriptors from image Is, hence
Xs = f(Is), and (2) an aggregation function, g(·) which we
use to construct subject-level features relating the subject to
the rest of the population. We minimize

`(ys;h(

ts︷ ︸︸ ︷
g(f(Is)))), (1)

where h is a regressor or a classifier, depending on y being
continuous or discrete and `(·; ·) is a loss function that is
chosen accordingly. We define ts , g(Xs) to be the features
relating the subject to the rest of the population. Each of
the functions can either be hand engineered or learned; for
example f(·), g(·), and h(·) can consist of different layers
of a CNN, or a combination of hand engineered feature
functions with aggregation performed by summation, followed
by prediction via a regression model. In this paper, f(·), is a
hand-crafted feature but the same machinery applies to deep
learning based features.

As mentioned earlier, we model local features of subject
s as samples drawn from its probability distribution ps. The
aggregator maps the probability density to a vector ts relating
the subject to the rest of the population. To do that, we
take the following steps. First, we estimate the Kullback-
Leibler (KL) divergence between every pair of probability
distributions. Second, we convert the distribution distance to
a proper similarity kernel. Finally, we use a dimensionality
reduction method to estimate ts from the similarity kernel.
The pipeline is shown in Fig.2.
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Fig. 2: Construction of the subject-level features (ts) has the follow-
ing steps: approximating pairwise divergence matrix, exponentiating
the matrix, projecting it on the PSD cone, and reducing the dimen-
sionality.

a) Estimating KL divergence: The KL divergence has the
following form,

KL(pi‖pj) =

∫

Rd

log
pi(x)

pj(x)
pi(x)dx. (2)

In this section, we do not assume any explicit parametric
form for pi. Even with a parametric form, estimating the
KL divergence is not straightforward. Instead of assuming an
explicit parametrization, we use a non-parametric estimator
for KL divergence that is consistent and unbiased [30]. The
estimator is scalable for high-dimension features and it only
requires the nearest neighbor graph that can be approximated
using a hashing method [31]. The general idea of the estimator
is explained in Appendix A. We use K̂L(pi‖pj) to denote the
estimator for the KL divergence.

b) Computing the Similarity Kernel Matrix: The simi-
larity kernel matrix is a Positive Semi-Definite (PSD) matrix.
For example, exponentiating the `2-distance between features
results in a proper similarity kernel matrix known as an RBF
kernel. However, the KL divergence is neither symmetric nor
a proper metric. First, we compute an S×S matrix where the
entry in row i and column j is

[Lσ]ij = exp

(
− 1

σ2

(
K̂L(pi‖pj) + K̂L(pj‖pi)

))
. (3)

The variable σ is set to the median of KL divergences (so-
called median trick [32]). Then, we project this matrix onto
the PSD cone to construct the kernel,

Kσ = ProjPSD(Lσ), (4)

where ProjPSD computes the Singular Value Decomposition of
the input matrix and sets the negative singular values to zero.

c) Computing Subject Representation (ts): Since Kσ is a
PSD matrix, one can compute Kσ = BBT and view columns
of B as an implicit characterization of the subjects. However,
the columns of B are high dimensional (as many as the number
of patients in the dataset). We use Locally Linear Embedding
(LLE) to reduce the dimensionality [33]. Other dimensionality
reduction methods can be applied as well.

C. Explainer Template

A predictive model can be explained in various ways. In this
paper, we would like to allow a practitioner to use knowledge
about the disease as a “template” for the explanation. The
Explainer model approximates the distribution of the image
data, and we would like that explanation to be consistent with
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the disease severity. To avoid compromising the prediction
task, we insert the subject representation (ts) into the posterior
estimation of the parameters. In this section, we discuss the
population-level and the subject-level modeling assumptions
on the distribution. In the next section, we discuss how ts can
inform the posterior distribution.

a) Population-Level Model: Our population model is
based on the truncated Hierarchical Dirichlet Process
(HDP) [34] . The model assumes that there are K tissue types,
“topics”, that are shared across subjects in the population.
We let a Gaussian distribution with mean vector µk ∈ RD
and covariance matrix Σk ∈ RD × RD generate supervoxel
descriptors xsn. For notational brevity, let θk = (µk,Σk). As
K →∞, this model converges to a non-parametric HDP [35],
[36]. Rather than choosing specific values for K, this model
chooses a large enough K and imposes a sparsity term on
the allocated topics so that the actual number of topics is
discovered from data. To do that the HDP follows the so-
called “stick-breaking” construction [34],

β ∼ GEM(α) : τj ∼ Beta(1, α), βk = τk
∏

j<k

(1− τj),(5)

where β ∼ GEM(α) denotes sampling from a stick-breaking
distribution and α and γ are tunable hyper-parameters of the
model. For computational reasons, we also assume a conjugate
prior for µk and Σk:

µk,Σk ∼ NIW(η)

where NIW(η) is the Normal-Inverse-Wishart distribution with
hyper-parameters η.

b) Subject-Level Model: For subject s,
πs = [πs1, · · · , πsK ] and {zsn}Ns

n=1 are latent random
variables denoting the proportion of topics and the allocation
of the supervoxels to the topics (i.e., zsn ∈ [K]) respectively.
The πs follows the Dirichlet distribution,

πs|β ∼ Dir(αβ1, · · · , αβK),

where α is a hyper-parameter. The zsn = k indicates super-
voxel n of subject s follows the local image descriptor of topic
k:

zsn|πs ∼ Cat(πs), Isn|zsn, {θk}Kk=1 ∼ N (µzsn ,Σzsn) ;

Cat(πs) represents a categorical distribution.
For notational convenience, we define D = {Xs}Ss=1 to be

all image data, S = {zsn,πs}Ss=1 to be all subject-specific
latent variables, and P = {θk,β} to be all population-based
latent variables. The joint distribution of all random variables
can be written as follows,

p(D,S,P) =
∏

s,n

p(xsn|zsn, {θk})
∏

s,n

p(zsn|πs)

×
∏

s

p(πs|β,α)p(β|γ). (6)

The graphical model in Fig.3 summarizes all assumptions of
the template model.

S
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<latexit sha1_base64="Bi4Pl4tohAjWX8zkimwHQ5noHUg=">AAACDHicbVDLSsNAFL3xWeur6tLNYBFclJKIoMuiG5cV7APaUCbTSTt0ZhJmJmIJ+QWXbvUj3Ilb/8Fv8CectFlo64ELh3Pu5R5OEHOmjet+OSura+sbm6Wt8vbO7t5+5eCwraNEEdoiEY9UN8CaciZpyzDDaTdWFIuA004wucn9zgNVmkXy3kxj6gs8kixkBBsr9fuBSB+zQaprMhtUqm7dnQEtE68gVSjQHFS++8OIJIJKQzjWuue5sfFTrAwjnGblfqJpjMkEj2jPUokF1X46y5yhU6sMURgpO9Kgmfr7IsVC66kI7KbAZqwXvVz8z+slJrzyUybjxFBJ5o/ChCMTobwANGSKEsOnlmCimM2KyBgrTIytafFLnk3XApGVbTveYhfLpH1e99y6d3dRbVwXPZXgGE7gDDy4hAbcQhNaQCCGZ3iBV+fJeXPenY/56opT3BzBHzifP5abnGQ=</latexit><latexit sha1_base64="Bi4Pl4tohAjWX8zkimwHQ5noHUg=">AAACDHicbVDLSsNAFL3xWeur6tLNYBFclJKIoMuiG5cV7APaUCbTSTt0ZhJmJmIJ+QWXbvUj3Ilb/8Fv8CectFlo64ELh3Pu5R5OEHOmjet+OSura+sbm6Wt8vbO7t5+5eCwraNEEdoiEY9UN8CaciZpyzDDaTdWFIuA004wucn9zgNVmkXy3kxj6gs8kixkBBsr9fuBSB+zQaprMhtUqm7dnQEtE68gVSjQHFS++8OIJIJKQzjWuue5sfFTrAwjnGblfqJpjMkEj2jPUokF1X46y5yhU6sMURgpO9Kgmfr7IsVC66kI7KbAZqwXvVz8z+slJrzyUybjxFBJ5o/ChCMTobwANGSKEsOnlmCimM2KyBgrTIytafFLnk3XApGVbTveYhfLpH1e99y6d3dRbVwXPZXgGE7gDDy4hAbcQhNaQCCGZ3iBV+fJeXPenY/56opT3BzBHzifP5abnGQ=</latexit><latexit sha1_base64="Bi4Pl4tohAjWX8zkimwHQ5noHUg=">AAACDHicbVDLSsNAFL3xWeur6tLNYBFclJKIoMuiG5cV7APaUCbTSTt0ZhJmJmIJ+QWXbvUj3Ilb/8Fv8CectFlo64ELh3Pu5R5OEHOmjet+OSura+sbm6Wt8vbO7t5+5eCwraNEEdoiEY9UN8CaciZpyzDDaTdWFIuA004wucn9zgNVmkXy3kxj6gs8kixkBBsr9fuBSB+zQaprMhtUqm7dnQEtE68gVSjQHFS++8OIJIJKQzjWuue5sfFTrAwjnGblfqJpjMkEj2jPUokF1X46y5yhU6sMURgpO9Kgmfr7IsVC66kI7KbAZqwXvVz8z+slJrzyUybjxFBJ5o/ChCMTobwANGSKEsOnlmCimM2KyBgrTIytafFLnk3XApGVbTveYhfLpH1e99y6d3dRbVwXPZXgGE7gDDy4hAbcQhNaQCCGZ3iBV+fJeXPenY/56opT3BzBHzifP5abnGQ=</latexit><latexit sha1_base64="Bi4Pl4tohAjWX8zkimwHQ5noHUg=">AAACDHicbVDLSsNAFL3xWeur6tLNYBFclJKIoMuiG5cV7APaUCbTSTt0ZhJmJmIJ+QWXbvUj3Ilb/8Fv8CectFlo64ELh3Pu5R5OEHOmjet+OSura+sbm6Wt8vbO7t5+5eCwraNEEdoiEY9UN8CaciZpyzDDaTdWFIuA004wucn9zgNVmkXy3kxj6gs8kixkBBsr9fuBSB+zQaprMhtUqm7dnQEtE68gVSjQHFS++8OIJIJKQzjWuue5sfFTrAwjnGblfqJpjMkEj2jPUokF1X46y5yhU6sMURgpO9Kgmfr7IsVC66kI7KbAZqwXvVz8z+slJrzyUybjxFBJ5o/ChCMTobwANGSKEsOnlmCimM2KyBgrTIytafFLnk3XApGVbTveYhfLpH1e99y6d3dRbVwXPZXgGE7gDDy4hAbcQhNaQCCGZ3iBV+fJeXPenY/56opT3BzBHzifP5abnGQ=</latexit>

zs,n
<latexit sha1_base64="u7utx2dJa07hoDKKi86DNI7TT2A=">AAACB3icbVDLSgMxFL3js9ZX1aWbYBFclDIjgi6LblxWsA9oh5JJM21okhmSjFCH+QCXbvUj3IlbP8Nv8CfMtLPQ1gOBwzn3ck9OEHOmjet+OSura+sbm6Wt8vbO7t5+5eCwraNEEdoiEY9UN8CaciZpyzDDaTdWFIuA004wucn9zgNVmkXy3kxj6gs8kixkBBsrdR4Hqa7JbFCpunV3BrRMvIJUoUBzUPnuDyOSCCoN4VjrnufGxk+xMoxwmpX7iaYxJhM8oj1LJRZU++ksboZOrTJEYaTskwbN1N8bKRZaT0VgJwU2Y73o5eJ/Xi8x4ZWfMhknhkoyPxQmHJkI5X9HQ6YoMXxqCSaK2ayIjLHCxNiGFq/k2XQtEFnZtuMtdrFM2ud1z617dxfVxnXRUwmO4QTOwINLaMAtNKEFBCbwDC/w6jw5b8678zEfXXGKnSP4A+fzB1sSmhE=</latexit><latexit sha1_base64="u7utx2dJa07hoDKKi86DNI7TT2A=">AAACB3icbVDLSgMxFL3js9ZX1aWbYBFclDIjgi6LblxWsA9oh5JJM21okhmSjFCH+QCXbvUj3IlbP8Nv8CfMtLPQ1gOBwzn3ck9OEHOmjet+OSura+sbm6Wt8vbO7t5+5eCwraNEEdoiEY9UN8CaciZpyzDDaTdWFIuA004wucn9zgNVmkXy3kxj6gs8kixkBBsrdR4Hqa7JbFCpunV3BrRMvIJUoUBzUPnuDyOSCCoN4VjrnufGxk+xMoxwmpX7iaYxJhM8oj1LJRZU++ksboZOrTJEYaTskwbN1N8bKRZaT0VgJwU2Y73o5eJ/Xi8x4ZWfMhknhkoyPxQmHJkI5X9HQ6YoMXxqCSaK2ayIjLHCxNiGFq/k2XQtEFnZtuMtdrFM2ud1z617dxfVxnXRUwmO4QTOwINLaMAtNKEFBCbwDC/w6jw5b8678zEfXXGKnSP4A+fzB1sSmhE=</latexit><latexit sha1_base64="u7utx2dJa07hoDKKi86DNI7TT2A=">AAACB3icbVDLSgMxFL3js9ZX1aWbYBFclDIjgi6LblxWsA9oh5JJM21okhmSjFCH+QCXbvUj3IlbP8Nv8CfMtLPQ1gOBwzn3ck9OEHOmjet+OSura+sbm6Wt8vbO7t5+5eCwraNEEdoiEY9UN8CaciZpyzDDaTdWFIuA004wucn9zgNVmkXy3kxj6gs8kixkBBsrdR4Hqa7JbFCpunV3BrRMvIJUoUBzUPnuDyOSCCoN4VjrnufGxk+xMoxwmpX7iaYxJhM8oj1LJRZU++ksboZOrTJEYaTskwbN1N8bKRZaT0VgJwU2Y73o5eJ/Xi8x4ZWfMhknhkoyPxQmHJkI5X9HQ6YoMXxqCSaK2ayIjLHCxNiGFq/k2XQtEFnZtuMtdrFM2ud1z617dxfVxnXRUwmO4QTOwINLaMAtNKEFBCbwDC/w6jw5b8678zEfXXGKnSP4A+fzB1sSmhE=</latexit><latexit sha1_base64="u7utx2dJa07hoDKKi86DNI7TT2A=">AAACB3icbVDLSgMxFL3js9ZX1aWbYBFclDIjgi6LblxWsA9oh5JJM21okhmSjFCH+QCXbvUj3IlbP8Nv8CfMtLPQ1gOBwzn3ck9OEHOmjet+OSura+sbm6Wt8vbO7t5+5eCwraNEEdoiEY9UN8CaciZpyzDDaTdWFIuA004wucn9zgNVmkXy3kxj6gs8kixkBBsrdR4Hqa7JbFCpunV3BrRMvIJUoUBzUPnuDyOSCCoN4VjrnufGxk+xMoxwmpX7iaYxJhM8oj1LJRZU++ksboZOrTJEYaTskwbN1N8bKRZaT0VgJwU2Y73o5eJ/Xi8x4ZWfMhknhkoyPxQmHJkI5X9HQ6YoMXxqCSaK2ayIjLHCxNiGFq/k2XQtEFnZtuMtdrFM2ud1z617dxfVxnXRUwmO4QTOwINLaMAtNKEFBCbwDC/w6jw5b8678zEfXXGKnSP4A+fzB1sSmhE=</latexit>

�
<latexit sha1_base64="RedBBM33m1xAB2+KJEVw/oiSS+A=">AAACCnicbVDLSgMxFM3UV62vqks3wSK4kDIjgi6LblxWsA/sDCWTpm1okhmSO0IZ5g9cutWPcCdu/Qm/wZ8w085CWw8EDufcyz05YSy4Adf9ckorq2vrG+XNytb2zu5edf+gbaJEU9aikYh0NySGCa5YCzgI1o01IzIUrBNObnK/88i04ZG6h2nMAklGig85JWClBz+UqR8yIFm/WnPr7gx4mXgFqaECzX712x9ENJFMARXEmJ7nxhCkRAOngmUVPzEsJnRCRqxnqSKSmSCdJc7wiVUGeBhp+xTgmfp7IyXSmKkM7aQkMDaLXi7+5/USGF4FKVdxAkzR+aFhIjBEOP8+HnDNKIipJYRqbrNiOiaaULAlLV7Js5mzUGYV24632MUyaZ/XPbfu3V3UGtdFT2V0hI7RKfLQJWqgW9RELUSRQs/oBb06T86b8+58zEdLTrFziP7A+fwB0u2bbA==</latexit><latexit sha1_base64="RedBBM33m1xAB2+KJEVw/oiSS+A=">AAACCnicbVDLSgMxFM3UV62vqks3wSK4kDIjgi6LblxWsA/sDCWTpm1okhmSO0IZ5g9cutWPcCdu/Qm/wZ8w085CWw8EDufcyz05YSy4Adf9ckorq2vrG+XNytb2zu5edf+gbaJEU9aikYh0NySGCa5YCzgI1o01IzIUrBNObnK/88i04ZG6h2nMAklGig85JWClBz+UqR8yIFm/WnPr7gx4mXgFqaECzX712x9ENJFMARXEmJ7nxhCkRAOngmUVPzEsJnRCRqxnqSKSmSCdJc7wiVUGeBhp+xTgmfp7IyXSmKkM7aQkMDaLXi7+5/USGF4FKVdxAkzR+aFhIjBEOP8+HnDNKIipJYRqbrNiOiaaULAlLV7Js5mzUGYV24632MUyaZ/XPbfu3V3UGtdFT2V0hI7RKfLQJWqgW9RELUSRQs/oBb06T86b8+58zEdLTrFziP7A+fwB0u2bbA==</latexit><latexit sha1_base64="RedBBM33m1xAB2+KJEVw/oiSS+A=">AAACCnicbVDLSgMxFM3UV62vqks3wSK4kDIjgi6LblxWsA/sDCWTpm1okhmSO0IZ5g9cutWPcCdu/Qm/wZ8w085CWw8EDufcyz05YSy4Adf9ckorq2vrG+XNytb2zu5edf+gbaJEU9aikYh0NySGCa5YCzgI1o01IzIUrBNObnK/88i04ZG6h2nMAklGig85JWClBz+UqR8yIFm/WnPr7gx4mXgFqaECzX712x9ENJFMARXEmJ7nxhCkRAOngmUVPzEsJnRCRqxnqSKSmSCdJc7wiVUGeBhp+xTgmfp7IyXSmKkM7aQkMDaLXi7+5/USGF4FKVdxAkzR+aFhIjBEOP8+HnDNKIipJYRqbrNiOiaaULAlLV7Js5mzUGYV24632MUyaZ/XPbfu3V3UGtdFT2V0hI7RKfLQJWqgW9RELUSRQs/oBb06T86b8+58zEdLTrFziP7A+fwB0u2bbA==</latexit><latexit sha1_base64="RedBBM33m1xAB2+KJEVw/oiSS+A=">AAACCnicbVDLSgMxFM3UV62vqks3wSK4kDIjgi6LblxWsA/sDCWTpm1okhmSO0IZ5g9cutWPcCdu/Qm/wZ8w085CWw8EDufcyz05YSy4Adf9ckorq2vrG+XNytb2zu5edf+gbaJEU9aikYh0NySGCa5YCzgI1o01IzIUrBNObnK/88i04ZG6h2nMAklGig85JWClBz+UqR8yIFm/WnPr7gx4mXgFqaECzX712x9ENJFMARXEmJ7nxhCkRAOngmUVPzEsJnRCRqxnqSKSmSCdJc7wiVUGeBhp+xTgmfp7IyXSmKkM7aQkMDaLXi7+5/USGF4FKVdxAkzR+aFhIjBEOP8+HnDNKIipJYRqbrNiOiaaULAlLV7Js5mzUGYV24632MUyaZ/XPbfu3V3UGtdFT2V0hI7RKfLQJWqgW9RELUSRQs/oBb06T86b8+58zEdLTrFziP7A+fwB0u2bbA==</latexit>

⇡s
<latexit sha1_base64="Gr6O89ypuoxU8/D46N2uY5x/vOA=">AAACAXicbVC7SgNBFL3rM8ZXVLCxGQyCVdi10TJoY5mAeWB2ibOT2WTIzOwyMyuEZSt/wVZ7O7H1S2ws/BInj8IkHrhwOOde7r0nTDjTxnW/nJXVtfWNzcJWcXtnd2+/dHDY1HGqCG2QmMeqHWJNOZO0YZjhtJ0oikXIaSsc3oz91iNVmsXyzowSGgjclyxiBBsr3Wd+KPyE5V3dLZXdijsBWibejJSrx/XvBwCodUs/fi8mqaDSEI617nhuYoIMK8MIp3nRTzVNMBniPu1YKrGgOsgmF+fozCo9FMXKljRoov6dyLDQeiRC2ymwGehFbyz+53VSE10FGZNJaqgk00VRypGJ0fh91GOKEsNHlmCimL0VkQFWmBgb0tyWUORFG4q3GMEyaV5UPLfi1W061zBFAU7gFM7Bg0uowi3UoAEEJDzDC7w6T86b8+58TFtXnNnMEczB+fwF9PiZjw==</latexit><latexit sha1_base64="aHBN/iu6UdeZt1Cxk2J+wMZHiq8=">AAACAXicbVC7SgNBFL3rM8ZXVLCxGQyCVdi10TLExjIB88BsCLOT2WTIzOwyMyuEZSt/wVZ7C0Fsbf0JGwu/xMmjMIkHLhzOuZd77wlizrRx3S9nZXVtfWMzt5Xf3tnd2y8cHDZ0lChC6yTikWoFWFPOJK0bZjhtxYpiEXDaDIbXY795T5Vmkbw1o5h2BO5LFjKCjZXuUj8Qfsyyru4Wim7JnQAtE29GiuXj2jd7rXxWu4UfvxeRRFBpCMdatz03Np0UK8MIp1neTzSNMRniPm1bKrGgupNOLs7QmVV6KIyULWnQRP07kWKh9UgEtlNgM9CL3lj8z2snJrzqpEzGiaGSTBeFCUcmQuP3UY8pSgwfWYKJYvZWRAZYYWJsSHNbApHlbSjeYgTLpHFR8tySV7PpVGCKHJzAKZyDB5dQhhuoQh0ISHiEJ3h2HpwX5815n7auOLOZI5iD8/ELYgibSw==</latexit><latexit sha1_base64="aHBN/iu6UdeZt1Cxk2J+wMZHiq8=">AAACAXicbVC7SgNBFL3rM8ZXVLCxGQyCVdi10TLExjIB88BsCLOT2WTIzOwyMyuEZSt/wVZ7C0Fsbf0JGwu/xMmjMIkHLhzOuZd77wlizrRx3S9nZXVtfWMzt5Xf3tnd2y8cHDZ0lChC6yTikWoFWFPOJK0bZjhtxYpiEXDaDIbXY795T5Vmkbw1o5h2BO5LFjKCjZXuUj8Qfsyyru4Wim7JnQAtE29GiuXj2jd7rXxWu4UfvxeRRFBpCMdatz03Np0UK8MIp1neTzSNMRniPm1bKrGgupNOLs7QmVV6KIyULWnQRP07kWKh9UgEtlNgM9CL3lj8z2snJrzqpEzGiaGSTBeFCUcmQuP3UY8pSgwfWYKJYvZWRAZYYWJsSHNbApHlbSjeYgTLpHFR8tySV7PpVGCKHJzAKZyDB5dQhhuoQh0ISHiEJ3h2HpwX5815n7auOLOZI5iD8/ELYgibSw==</latexit><latexit sha1_base64="H1M61dQ0ytDYqNe4OBbxJz9yqNU=">AAACAXicbVA9T8MwEL2Ur1K+CowsFhUSU5Ww0LGChbFI9EM0UeW4TmvVdiLbQaqiTPwFVtjZECu/hJVfgttmoC1POunpvTvd3QsTzrRx3W+ntLG5tb1T3q3s7R8cHlWPTzo6ThWhbRLzWPVCrClnkrYNM5z2EkWxCDnthpPbmd99okqzWD6YaUIDgUeSRYxgY6XHzA+Fn7B8oAfVmlt350DrxCtIDQq0BtUffxiTVFBpCMda9z03MUGGlWGE07zip5ommEzwiPYtlVhQHWTzi3N0YZUhimJlSxo0V/9OZFhoPRWh7RTYjPWqNxP/8/qpiRpBxmSSGirJYlGUcmRiNHsfDZmixPCpJZgoZm9FZIwVJsaGtLQlFHnFhuKtRrBOOld1z617926teVPEU4YzOIdL8OAamnAHLWgDAQkv8ApvzrPz7nw4n4vWklPMnMISnK9fSBCXqg==</latexit>

K
<latexit sha1_base64="84i59iNVna5gwhaO9CzLfcrOu1E=">AAAB+HicbVC7SgNBFL0bX3F9RS1tBoNgFXZttBGDNoJNAuYByRJmJ7PJkJnZZWZWiEvA3lZ7O7H1J/wGW7/EyaMwiQcuHM65l3vvCRPOtPG8bye3srq2vpHfdLe2d3b3CvsHdR2nitAaiXmsmiHWlDNJa4YZTpuJoliEnDbCwc3YbzxQpVks780woYHAPckiRrCxUvWuUyh6JW8CtEz8GSlefbmXTwBQ6RR+2t2YpIJKQzjWuuV7iQkyrAwjnI7cdqppgskA92jLUokF1UE2OXSETqzSRVGsbEmDJurfiQwLrYcitJ0Cm75e9Mbif14rNdFFkDGZpIZKMl0UpRyZGI2/Rl2mKDF8aAkmitlbEeljhYmx2cxtCcXItaH4ixEsk/pZyfdKftUrlq9hijwcwTGcgg/nUIZbqEANCFB4hhd4dR6dN+fd+Zi25pzZzCHMwfn8BVhYlT4=</latexit><latexit sha1_base64="DFgQTlfJ3/gLsssEEQM2xn10Kvs=">AAAB+HicbVC7SgNBFJ2Nr7i+opY2g0GwCrs22ohBG8EmAfOAZAmzk7vJkJnZZWZWiEu+wFZ7wUJs/Qk/QWz9EiePwkQPXDiccy/33hMmnGnjeV9Obml5ZXUtv+5ubG5t7xR29+o6ThWFGo15rJoh0cCZhJphhkMzUUBEyKERDq7GfuMOlGaxvDXDBAJBepJFjBJjpepNp1D0St4E+C/xZ6R48eGeJy+fbqVT+G53Y5oKkIZyonXL9xITZEQZRjmM3HaqISF0QHrQslQSATrIJoeO8JFVujiKlS1p8ET9PZERofVQhLZTENPXi95Y/M9rpSY6CzImk9SApNNFUcqxifH4a9xlCqjhQ0sIVczeimmfKEKNzWZuSyhGrg3FX4zgL6mflHyv5Fe9YvkSTZFHB+gQHSMfnaIyukYVVEMUAXpAj+jJuXeenVfnbdqac2Yz+2gOzvsPYSeWsg==</latexit><latexit sha1_base64="DFgQTlfJ3/gLsssEEQM2xn10Kvs=">AAAB+HicbVC7SgNBFJ2Nr7i+opY2g0GwCrs22ohBG8EmAfOAZAmzk7vJkJnZZWZWiEu+wFZ7wUJs/Qk/QWz9EiePwkQPXDiccy/33hMmnGnjeV9Obml5ZXUtv+5ubG5t7xR29+o6ThWFGo15rJoh0cCZhJphhkMzUUBEyKERDq7GfuMOlGaxvDXDBAJBepJFjBJjpepNp1D0St4E+C/xZ6R48eGeJy+fbqVT+G53Y5oKkIZyonXL9xITZEQZRjmM3HaqISF0QHrQslQSATrIJoeO8JFVujiKlS1p8ET9PZERofVQhLZTENPXi95Y/M9rpSY6CzImk9SApNNFUcqxifH4a9xlCqjhQ0sIVczeimmfKEKNzWZuSyhGrg3FX4zgL6mflHyv5Fe9YvkSTZFHB+gQHSMfnaIyukYVVEMUAXpAj+jJuXeenVfnbdqac2Yz+2gOzvsPYSeWsg==</latexit><latexit sha1_base64="wZuR18y0tqDW247mrR8gzgaKlqY=">AAAB+HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5stAzaCDYJmA9IjrC3mUuW7N4du3tCPPILbLW3E1v/ja2/xE1yhUl8MPB4b4aZeUEiuDau++0UNja3tneKu6W9/YPDo/LxSUvHqWLYZLGIVSegGgWPsGm4EdhJFFIZCGwH47uZ335CpXkcPZpJgr6kw4iHnFFjpcZDv1xxq+4cZJ14OalAjnq//NMbxCyVGBkmqNZdz02Mn1FlOBM4LfVSjQllYzrErqURlaj9bH7olFxYZUDCWNmKDJmrfycyKrWeyMB2SmpGetWbif953dSEN37GoyQ1GLHFojAVxMRk9jUZcIXMiIkllClubyVsRBVlxmaztCWQ05INxVuNYJ20rqqeW/UabqV2m8dThDM4h0vw4BpqcA91aAIDhBd4hTfn2Xl3PpzPRWvByWdOYQnO1y/MQZNx</latexit>

✓k
<latexit sha1_base64="Di84WBpoibAwqDyshyyZR+mnQ/s=">AAACBHicbVC7SgNBFJ2NrxhfUUubwSBYhV0RtAzaWEYwD8guYXYymwyZmV1n7gph2dZfsNXeTmz9D1u/xEmyhUk8cOFwzr2cywkTwQ247rdTWlvf2Nwqb1d2dvf2D6qHR20Tp5qyFo1FrLshMUxwxVrAQbBuohmRoWCdcHw79TtPTBseqweYJCyQZKh4xCkBKwV+KDMfRgxI3h/3qzW37s6AV4lXkBoq0OxXf/xBTFPJFFBBjOl5bgJBRjRwKlhe8VPDEkLHZMh6lioimQmy2dM5PrPKAEextqMAz9S/FxmRxkxkaDclgZFZ9qbif14vheg6yLhKUmCKzoOiVGCI8bQBPOCaURATSwjV3P6K6YhoQsH2tJASyrxiS/GWK1gl7Yu659a9+8ta46aop4xO0Ck6Rx66Qg10h5qohSh6RC/oFb05z8678+F8zldLTnFzjBbgfP0CrXeZAQ==</latexit><latexit sha1_base64="Di84WBpoibAwqDyshyyZR+mnQ/s=">AAACBHicbVC7SgNBFJ2NrxhfUUubwSBYhV0RtAzaWEYwD8guYXYymwyZmV1n7gph2dZfsNXeTmz9D1u/xEmyhUk8cOFwzr2cywkTwQ247rdTWlvf2Nwqb1d2dvf2D6qHR20Tp5qyFo1FrLshMUxwxVrAQbBuohmRoWCdcHw79TtPTBseqweYJCyQZKh4xCkBKwV+KDMfRgxI3h/3qzW37s6AV4lXkBoq0OxXf/xBTFPJFFBBjOl5bgJBRjRwKlhe8VPDEkLHZMh6lioimQmy2dM5PrPKAEextqMAz9S/FxmRxkxkaDclgZFZ9qbif14vheg6yLhKUmCKzoOiVGCI8bQBPOCaURATSwjV3P6K6YhoQsH2tJASyrxiS/GWK1gl7Yu659a9+8ta46aop4xO0Ck6Rx66Qg10h5qohSh6RC/oFb05z8678+F8zldLTnFzjBbgfP0CrXeZAQ==</latexit><latexit sha1_base64="Di84WBpoibAwqDyshyyZR+mnQ/s=">AAACBHicbVC7SgNBFJ2NrxhfUUubwSBYhV0RtAzaWEYwD8guYXYymwyZmV1n7gph2dZfsNXeTmz9D1u/xEmyhUk8cOFwzr2cywkTwQ247rdTWlvf2Nwqb1d2dvf2D6qHR20Tp5qyFo1FrLshMUxwxVrAQbBuohmRoWCdcHw79TtPTBseqweYJCyQZKh4xCkBKwV+KDMfRgxI3h/3qzW37s6AV4lXkBoq0OxXf/xBTFPJFFBBjOl5bgJBRjRwKlhe8VPDEkLHZMh6lioimQmy2dM5PrPKAEextqMAz9S/FxmRxkxkaDclgZFZ9qbif14vheg6yLhKUmCKzoOiVGCI8bQBPOCaURATSwjV3P6K6YhoQsH2tJASyrxiS/GWK1gl7Yu659a9+8ta46aop4xO0Ck6Rx66Qg10h5qohSh6RC/oFb05z8678+F8zldLTnFzjBbgfP0CrXeZAQ==</latexit><latexit sha1_base64="Di84WBpoibAwqDyshyyZR+mnQ/s=">AAACBHicbVC7SgNBFJ2NrxhfUUubwSBYhV0RtAzaWEYwD8guYXYymwyZmV1n7gph2dZfsNXeTmz9D1u/xEmyhUk8cOFwzr2cywkTwQ247rdTWlvf2Nwqb1d2dvf2D6qHR20Tp5qyFo1FrLshMUxwxVrAQbBuohmRoWCdcHw79TtPTBseqweYJCyQZKh4xCkBKwV+KDMfRgxI3h/3qzW37s6AV4lXkBoq0OxXf/xBTFPJFFBBjOl5bgJBRjRwKlhe8VPDEkLHZMh6lioimQmy2dM5PrPKAEextqMAz9S/FxmRxkxkaDclgZFZ9qbif14vheg6yLhKUmCKzoOiVGCI8bQBPOCaURATSwjV3P6K6YhoQsH2tJASyrxiS/GWK1gl7Yu659a9+8ta46aop4xO0Ck6Rx66Qg10h5qohSh6RC/oFb05z8678+F8zldLTnFzjBbgfP0CrXeZAQ==</latexit>

S
<latexit sha1_base64="tVVnDN5Pcy0NcGkdU94ZtjKi8G0=">AAACAXicbVC7SgNBFL3rM8ZX1NJmMAgWEnZF0DJoY5mgeUCyhNnJ3WTIzO4yMyuEkMrSVj/CTmz9Er/Bn3A22UITDwwczrmXe+YEieDauO6Xs7K6tr6xWdgqbu/s7u2XDg6bOk4VwwaLRazaAdUoeIQNw43AdqKQykBgKxjdZn7rEZXmcfRgxgn6kg4iHnJGjZXq971S2a24M5Bl4uWkDDlqvdJ3tx+zVGJkmKBadzw3Mf6EKsOZwGmxm2pMKBvRAXYsjahE7U9mQafk1Cp9EsbKvsiQmfp7Y0Kl1mMZ2ElJzVAvepn4n9dJTXjtT3iUpAYjNj8UpoKYmGS/Jn2ukBkxtoQyxW1WwoZUUWZsN4tXsmz6PJDTom3HW+ximTQvKp5b8eqX5epN3lMBjuEEzsCDK6jCHdSgAQwQnuEFXp0n5815dz7moytOvnMEf+B8/gBZupdK</latexit><latexit sha1_base64="tVVnDN5Pcy0NcGkdU94ZtjKi8G0=">AAACAXicbVC7SgNBFL3rM8ZX1NJmMAgWEnZF0DJoY5mgeUCyhNnJ3WTIzO4yMyuEkMrSVj/CTmz9Er/Bn3A22UITDwwczrmXe+YEieDauO6Xs7K6tr6xWdgqbu/s7u2XDg6bOk4VwwaLRazaAdUoeIQNw43AdqKQykBgKxjdZn7rEZXmcfRgxgn6kg4iHnJGjZXq971S2a24M5Bl4uWkDDlqvdJ3tx+zVGJkmKBadzw3Mf6EKsOZwGmxm2pMKBvRAXYsjahE7U9mQafk1Cp9EsbKvsiQmfp7Y0Kl1mMZ2ElJzVAvepn4n9dJTXjtT3iUpAYjNj8UpoKYmGS/Jn2ukBkxtoQyxW1WwoZUUWZsN4tXsmz6PJDTom3HW+ximTQvKp5b8eqX5epN3lMBjuEEzsCDK6jCHdSgAQwQnuEFXp0n5815dz7moytOvnMEf+B8/gBZupdK</latexit><latexit sha1_base64="tVVnDN5Pcy0NcGkdU94ZtjKi8G0=">AAACAXicbVC7SgNBFL3rM8ZX1NJmMAgWEnZF0DJoY5mgeUCyhNnJ3WTIzO4yMyuEkMrSVj/CTmz9Er/Bn3A22UITDwwczrmXe+YEieDauO6Xs7K6tr6xWdgqbu/s7u2XDg6bOk4VwwaLRazaAdUoeIQNw43AdqKQykBgKxjdZn7rEZXmcfRgxgn6kg4iHnJGjZXq971S2a24M5Bl4uWkDDlqvdJ3tx+zVGJkmKBadzw3Mf6EKsOZwGmxm2pMKBvRAXYsjahE7U9mQafk1Cp9EsbKvsiQmfp7Y0Kl1mMZ2ElJzVAvepn4n9dJTXjtT3iUpAYjNj8UpoKYmGS/Jn2ukBkxtoQyxW1WwoZUUWZsN4tXsmz6PJDTom3HW+ximTQvKp5b8eqX5epN3lMBjuEEzsCDK6jCHdSgAQwQnuEFXp0n5815dz7moytOvnMEf+B8/gBZupdK</latexit><latexit sha1_base64="tVVnDN5Pcy0NcGkdU94ZtjKi8G0=">AAACAXicbVC7SgNBFL3rM8ZX1NJmMAgWEnZF0DJoY5mgeUCyhNnJ3WTIzO4yMyuEkMrSVj/CTmz9Er/Bn3A22UITDwwczrmXe+YEieDauO6Xs7K6tr6xWdgqbu/s7u2XDg6bOk4VwwaLRazaAdUoeIQNw43AdqKQykBgKxjdZn7rEZXmcfRgxgn6kg4iHnJGjZXq971S2a24M5Bl4uWkDDlqvdJ3tx+zVGJkmKBadzw3Mf6EKsOZwGmxm2pMKBvRAXYsjahE7U9mQafk1Cp9EsbKvsiQmfp7Y0Kl1mMZ2ElJzVAvepn4n9dJTXjtT3iUpAYjNj8UpoKYmGS/Jn2ukBkxtoQyxW1WwoZUUWZsN4tXsmz6PJDTom3HW+ximTQvKp5b8eqX5epN3lMBjuEEzsCDK6jCHdSgAQwQnuEFXp0n5815dz7moytOvnMEf+B8/gBZupdK</latexit>

Ns
<latexit sha1_base64="VzJ1fPmUw1/ZNg8KOzv0p104lWA=">AAACA3icbVDLSgMxFL1TX7W+qi7dBIvgQsqMFHRZdONKKtoHtEPJpJk2NMkMSUYoQ5cu3epHuBO3fojf4E+YaWehrQcCh3Pu5Z6cIOZMG9f9cgorq2vrG8XN0tb2zu5eef+gpaNEEdokEY9UJ8CaciZp0zDDaSdWFIuA03Ywvs789iNVmkXywUxi6gs8lCxkBBsr3d/2db9ccavuDGiZeDmpQI5Gv/zdG0QkEVQawrHWXc+NjZ9iZRjhdFrqJZrGmIzxkHYtlVhQ7aezqFN0YpUBCiNlnzRopv7eSLHQeiICOymwGelFLxP/87qJCS/9lMk4MVSS+aEw4chEKPs3GjBFieETSzBRzGZFZIQVJsa2s3gly6bPAjEt2Xa8xS6WSeu86rlV765WqV/lPRXhCI7hFDy4gDrcQAOaQGAIz/ACr86T8+a8Ox/z0YKT7xzCHzifP+95mCs=</latexit><latexit sha1_base64="VzJ1fPmUw1/ZNg8KOzv0p104lWA=">AAACA3icbVDLSgMxFL1TX7W+qi7dBIvgQsqMFHRZdONKKtoHtEPJpJk2NMkMSUYoQ5cu3epHuBO3fojf4E+YaWehrQcCh3Pu5Z6cIOZMG9f9cgorq2vrG8XN0tb2zu5eef+gpaNEEdokEY9UJ8CaciZp0zDDaSdWFIuA03Ywvs789iNVmkXywUxi6gs8lCxkBBsr3d/2db9ccavuDGiZeDmpQI5Gv/zdG0QkEVQawrHWXc+NjZ9iZRjhdFrqJZrGmIzxkHYtlVhQ7aezqFN0YpUBCiNlnzRopv7eSLHQeiICOymwGelFLxP/87qJCS/9lMk4MVSS+aEw4chEKPs3GjBFieETSzBRzGZFZIQVJsa2s3gly6bPAjEt2Xa8xS6WSeu86rlV765WqV/lPRXhCI7hFDy4gDrcQAOaQGAIz/ACr86T8+a8Ox/z0YKT7xzCHzifP+95mCs=</latexit><latexit sha1_base64="VzJ1fPmUw1/ZNg8KOzv0p104lWA=">AAACA3icbVDLSgMxFL1TX7W+qi7dBIvgQsqMFHRZdONKKtoHtEPJpJk2NMkMSUYoQ5cu3epHuBO3fojf4E+YaWehrQcCh3Pu5Z6cIOZMG9f9cgorq2vrG8XN0tb2zu5eef+gpaNEEdokEY9UJ8CaciZp0zDDaSdWFIuA03Ywvs789iNVmkXywUxi6gs8lCxkBBsr3d/2db9ccavuDGiZeDmpQI5Gv/zdG0QkEVQawrHWXc+NjZ9iZRjhdFrqJZrGmIzxkHYtlVhQ7aezqFN0YpUBCiNlnzRopv7eSLHQeiICOymwGelFLxP/87qJCS/9lMk4MVSS+aEw4chEKPs3GjBFieETSzBRzGZFZIQVJsa2s3gly6bPAjEt2Xa8xS6WSeu86rlV765WqV/lPRXhCI7hFDy4gDrcQAOaQGAIz/ACr86T8+a8Ox/z0YKT7xzCHzifP+95mCs=</latexit><latexit sha1_base64="VzJ1fPmUw1/ZNg8KOzv0p104lWA=">AAACA3icbVDLSgMxFL1TX7W+qi7dBIvgQsqMFHRZdONKKtoHtEPJpJk2NMkMSUYoQ5cu3epHuBO3fojf4E+YaWehrQcCh3Pu5Z6cIOZMG9f9cgorq2vrG8XN0tb2zu5eef+gpaNEEdokEY9UJ8CaciZp0zDDaSdWFIuA03Ywvs789iNVmkXywUxi6gs8lCxkBBsr3d/2db9ccavuDGiZeDmpQI5Gv/zdG0QkEVQawrHWXc+NjZ9iZRjhdFrqJZrGmIzxkHYtlVhQ7aezqFN0YpUBCiNlnzRopv7eSLHQeiICOymwGelFLxP/87qJCS/9lMk4MVSS+aEw4chEKPs3GjBFieETSzBRzGZFZIQVJsa2s3gly6bPAjEt2Xa8xS6WSeu86rlV765WqV/lPRXhCI7hFDy4gDrcQAOaQGAIz/ACr86T8+a8Ox/z0YKT7xzCHzifP+95mCs=</latexit>

�⇤
<latexit sha1_base64="708zVy6c5DRYvxw//+GlMgMXwuQ=">AAACDHicbVDLSsNAFJ34rPVVdelmsAgiUhIRdFl047KCfUATy8x02g6dScLMjVBCfsGlW/0Id+LWf/Ab/AknbRbaeuDC4Zx7uYdDYykMuO6Xs7S8srq2Xtoob25t7+xW9vZbJko0400WyUh3KDFcipA3QYDknVhzoqjkbTq+yf32I9dGROE9TGIeKDIMxUAwAlbyfapSn3Ig2cNpr1J1a+4UeJF4BamiAo1e5dvvRyxRPAQmiTFdz40hSIkGwSTPyn5ieEzYmAx519KQKG6CdJo5w8dW6eNBpO2EgKfq74uUKGMmitpNRWBk5r1c/M/rJjC4ClIRxgnwkM0eDRKJIcJ5AbgvNGcgJ5YQpoXNitmIaMLA1jT/Jc9mzqjKyrYdb76LRdI6r3luzbu7qNavi55K6BAdoRPkoUtUR7eogZqIoRg9oxf06jw5b8678zFbXXKKmwP0B87nDwEnnAg=</latexit><latexit sha1_base64="708zVy6c5DRYvxw//+GlMgMXwuQ=">AAACDHicbVDLSsNAFJ34rPVVdelmsAgiUhIRdFl047KCfUATy8x02g6dScLMjVBCfsGlW/0Id+LWf/Ab/AknbRbaeuDC4Zx7uYdDYykMuO6Xs7S8srq2Xtoob25t7+xW9vZbJko0400WyUh3KDFcipA3QYDknVhzoqjkbTq+yf32I9dGROE9TGIeKDIMxUAwAlbyfapSn3Ig2cNpr1J1a+4UeJF4BamiAo1e5dvvRyxRPAQmiTFdz40hSIkGwSTPyn5ieEzYmAx519KQKG6CdJo5w8dW6eNBpO2EgKfq74uUKGMmitpNRWBk5r1c/M/rJjC4ClIRxgnwkM0eDRKJIcJ5AbgvNGcgJ5YQpoXNitmIaMLA1jT/Jc9mzqjKyrYdb76LRdI6r3luzbu7qNavi55K6BAdoRPkoUtUR7eogZqIoRg9oxf06jw5b8678zFbXXKKmwP0B87nDwEnnAg=</latexit><latexit sha1_base64="708zVy6c5DRYvxw//+GlMgMXwuQ=">AAACDHicbVDLSsNAFJ34rPVVdelmsAgiUhIRdFl047KCfUATy8x02g6dScLMjVBCfsGlW/0Id+LWf/Ab/AknbRbaeuDC4Zx7uYdDYykMuO6Xs7S8srq2Xtoob25t7+xW9vZbJko0400WyUh3KDFcipA3QYDknVhzoqjkbTq+yf32I9dGROE9TGIeKDIMxUAwAlbyfapSn3Ig2cNpr1J1a+4UeJF4BamiAo1e5dvvRyxRPAQmiTFdz40hSIkGwSTPyn5ieEzYmAx519KQKG6CdJo5w8dW6eNBpO2EgKfq74uUKGMmitpNRWBk5r1c/M/rJjC4ClIRxgnwkM0eDRKJIcJ5AbgvNGcgJ5YQpoXNitmIaMLA1jT/Jc9mzqjKyrYdb76LRdI6r3luzbu7qNavi55K6BAdoRPkoUtUR7eogZqIoRg9oxf06jw5b8678zFbXXKKmwP0B87nDwEnnAg=</latexit><latexit sha1_base64="708zVy6c5DRYvxw//+GlMgMXwuQ=">AAACDHicbVDLSsNAFJ34rPVVdelmsAgiUhIRdFl047KCfUATy8x02g6dScLMjVBCfsGlW/0Id+LWf/Ab/AknbRbaeuDC4Zx7uYdDYykMuO6Xs7S8srq2Xtoob25t7+xW9vZbJko0400WyUh3KDFcipA3QYDknVhzoqjkbTq+yf32I9dGROE9TGIeKDIMxUAwAlbyfapSn3Ig2cNpr1J1a+4UeJF4BamiAo1e5dvvRyxRPAQmiTFdz40hSIkGwSTPyn5ieEzYmAx519KQKG6CdJo5w8dW6eNBpO2EgKfq74uUKGMmitpNRWBk5r1c/M/rJjC4ClIRxgnwkM0eDRKJIcJ5AbgvNGcgJ5YQpoXNitmIaMLA1jT/Jc9mzqjKyrYdb76LRdI6r3luzbu7qNavi55K6BAdoRPkoUtUR7eogZqIoRg9oxf06jw5b8678zFbXXKKmwP0B87nDwEnnAg=</latexit>

�
<latexit sha1_base64="RedBBM33m1xAB2+KJEVw/oiSS+A=">AAACCnicbVDLSgMxFM3UV62vqks3wSK4kDIjgi6LblxWsA/sDCWTpm1okhmSO0IZ5g9cutWPcCdu/Qm/wZ8w085CWw8EDufcyz05YSy4Adf9ckorq2vrG+XNytb2zu5edf+gbaJEU9aikYh0NySGCa5YCzgI1o01IzIUrBNObnK/88i04ZG6h2nMAklGig85JWClBz+UqR8yIFm/WnPr7gx4mXgFqaECzX712x9ENJFMARXEmJ7nxhCkRAOngmUVPzEsJnRCRqxnqSKSmSCdJc7wiVUGeBhp+xTgmfp7IyXSmKkM7aQkMDaLXi7+5/USGF4FKVdxAkzR+aFhIjBEOP8+HnDNKIipJYRqbrNiOiaaULAlLV7Js5mzUGYV24632MUyaZ/XPbfu3V3UGtdFT2V0hI7RKfLQJWqgW9RELUSRQs/oBb06T86b8+58zEdLTrFziP7A+fwB0u2bbA==</latexit><latexit sha1_base64="RedBBM33m1xAB2+KJEVw/oiSS+A=">AAACCnicbVDLSgMxFM3UV62vqks3wSK4kDIjgi6LblxWsA/sDCWTpm1okhmSO0IZ5g9cutWPcCdu/Qm/wZ8w085CWw8EDufcyz05YSy4Adf9ckorq2vrG+XNytb2zu5edf+gbaJEU9aikYh0NySGCa5YCzgI1o01IzIUrBNObnK/88i04ZG6h2nMAklGig85JWClBz+UqR8yIFm/WnPr7gx4mXgFqaECzX712x9ENJFMARXEmJ7nxhCkRAOngmUVPzEsJnRCRqxnqSKSmSCdJc7wiVUGeBhp+xTgmfp7IyXSmKkM7aQkMDaLXi7+5/USGF4FKVdxAkzR+aFhIjBEOP8+HnDNKIipJYRqbrNiOiaaULAlLV7Js5mzUGYV24632MUyaZ/XPbfu3V3UGtdFT2V0hI7RKfLQJWqgW9RELUSRQs/oBb06T86b8+58zEdLTrFziP7A+fwB0u2bbA==</latexit><latexit sha1_base64="RedBBM33m1xAB2+KJEVw/oiSS+A=">AAACCnicbVDLSgMxFM3UV62vqks3wSK4kDIjgi6LblxWsA/sDCWTpm1okhmSO0IZ5g9cutWPcCdu/Qm/wZ8w085CWw8EDufcyz05YSy4Adf9ckorq2vrG+XNytb2zu5edf+gbaJEU9aikYh0NySGCa5YCzgI1o01IzIUrBNObnK/88i04ZG6h2nMAklGig85JWClBz+UqR8yIFm/WnPr7gx4mXgFqaECzX712x9ENJFMARXEmJ7nxhCkRAOngmUVPzEsJnRCRqxnqSKSmSCdJc7wiVUGeBhp+xTgmfp7IyXSmKkM7aQkMDaLXi7+5/USGF4FKVdxAkzR+aFhIjBEOP8+HnDNKIipJYRqbrNiOiaaULAlLV7Js5mzUGYV24632MUyaZ/XPbfu3V3UGtdFT2V0hI7RKfLQJWqgW9RELUSRQs/oBb06T86b8+58zEdLTrFziP7A+fwB0u2bbA==</latexit><latexit sha1_base64="RedBBM33m1xAB2+KJEVw/oiSS+A=">AAACCnicbVDLSgMxFM3UV62vqks3wSK4kDIjgi6LblxWsA/sDCWTpm1okhmSO0IZ5g9cutWPcCdu/Qm/wZ8w085CWw8EDufcyz05YSy4Adf9ckorq2vrG+XNytb2zu5edf+gbaJEU9aikYh0NySGCa5YCzgI1o01IzIUrBNObnK/88i04ZG6h2nMAklGig85JWClBz+UqR8yIFm/WnPr7gx4mXgFqaECzX712x9ENJFMARXEmJ7nxhCkRAOngmUVPzEsJnRCRqxnqSKSmSCdJc7wiVUGeBhp+xTgmfp7IyXSmKkM7aQkMDaLXi7+5/USGF4FKVdxAkzR+aFhIjBEOP8+HnDNKIipJYRqbrNiOiaaULAlLV7Js5mzUGYV24632MUyaZ/XPbfu3V3UGtdFT2V0hI7RKfLQJWqgW9RELUSRQs/oBb06T86b8+58zEdLTrFziP7A+fwB0u2bbA==</latexit>

⇡s
<latexit sha1_base64="Gr6O89ypuoxU8/D46N2uY5x/vOA=">AAACAXicbVC7SgNBFL3rM8ZXVLCxGQyCVdi10TJoY5mAeWB2ibOT2WTIzOwyMyuEZSt/wVZ7O7H1S2ws/BInj8IkHrhwOOde7r0nTDjTxnW/nJXVtfWNzcJWcXtnd2+/dHDY1HGqCG2QmMeqHWJNOZO0YZjhtJ0oikXIaSsc3oz91iNVmsXyzowSGgjclyxiBBsr3Wd+KPyE5V3dLZXdijsBWibejJSrx/XvBwCodUs/fi8mqaDSEI617nhuYoIMK8MIp3nRTzVNMBniPu1YKrGgOsgmF+fozCo9FMXKljRoov6dyLDQeiRC2ymwGehFbyz+53VSE10FGZNJaqgk00VRypGJ0fh91GOKEsNHlmCimL0VkQFWmBgb0tyWUORFG4q3GMEyaV5UPLfi1W061zBFAU7gFM7Bg0uowi3UoAEEJDzDC7w6T86b8+58TFtXnNnMEczB+fwF9PiZjw==</latexit><latexit sha1_base64="aHBN/iu6UdeZt1Cxk2J+wMZHiq8=">AAACAXicbVC7SgNBFL3rM8ZXVLCxGQyCVdi10TLExjIB88BsCLOT2WTIzOwyMyuEZSt/wVZ7C0Fsbf0JGwu/xMmjMIkHLhzOuZd77wlizrRx3S9nZXVtfWMzt5Xf3tnd2y8cHDZ0lChC6yTikWoFWFPOJK0bZjhtxYpiEXDaDIbXY795T5Vmkbw1o5h2BO5LFjKCjZXuUj8Qfsyyru4Wim7JnQAtE29GiuXj2jd7rXxWu4UfvxeRRFBpCMdatz03Np0UK8MIp1neTzSNMRniPm1bKrGgupNOLs7QmVV6KIyULWnQRP07kWKh9UgEtlNgM9CL3lj8z2snJrzqpEzGiaGSTBeFCUcmQuP3UY8pSgwfWYKJYvZWRAZYYWJsSHNbApHlbSjeYgTLpHFR8tySV7PpVGCKHJzAKZyDB5dQhhuoQh0ISHiEJ3h2HpwX5815n7auOLOZI5iD8/ELYgibSw==</latexit><latexit sha1_base64="aHBN/iu6UdeZt1Cxk2J+wMZHiq8=">AAACAXicbVC7SgNBFL3rM8ZXVLCxGQyCVdi10TLExjIB88BsCLOT2WTIzOwyMyuEZSt/wVZ7C0Fsbf0JGwu/xMmjMIkHLhzOuZd77wlizrRx3S9nZXVtfWMzt5Xf3tnd2y8cHDZ0lChC6yTikWoFWFPOJK0bZjhtxYpiEXDaDIbXY795T5Vmkbw1o5h2BO5LFjKCjZXuUj8Qfsyyru4Wim7JnQAtE29GiuXj2jd7rXxWu4UfvxeRRFBpCMdatz03Np0UK8MIp1neTzSNMRniPm1bKrGgupNOLs7QmVV6KIyULWnQRP07kWKh9UgEtlNgM9CL3lj8z2snJrzqpEzGiaGSTBeFCUcmQuP3UY8pSgwfWYKJYvZWRAZYYWJsSHNbApHlbSjeYgTLpHFR8tySV7PpVGCKHJzAKZyDB5dQhhuoQh0ISHiEJ3h2HpwX5815n7auOLOZI5iD8/ELYgibSw==</latexit><latexit sha1_base64="H1M61dQ0ytDYqNe4OBbxJz9yqNU=">AAACAXicbVA9T8MwEL2Ur1K+CowsFhUSU5Ww0LGChbFI9EM0UeW4TmvVdiLbQaqiTPwFVtjZECu/hJVfgttmoC1POunpvTvd3QsTzrRx3W+ntLG5tb1T3q3s7R8cHlWPTzo6ThWhbRLzWPVCrClnkrYNM5z2EkWxCDnthpPbmd99okqzWD6YaUIDgUeSRYxgY6XHzA+Fn7B8oAfVmlt350DrxCtIDQq0BtUffxiTVFBpCMda9z03MUGGlWGE07zip5ommEzwiPYtlVhQHWTzi3N0YZUhimJlSxo0V/9OZFhoPRWh7RTYjPWqNxP/8/qpiRpBxmSSGirJYlGUcmRiNHsfDZmixPCpJZgoZm9FZIwVJsaGtLQlFHnFhuKtRrBOOld1z617926teVPEU4YzOIdL8OAamnAHLWgDAQkv8ApvzrPz7nw4n4vWklPMnMISnK9fSBCXqg==</latexit>

W
<latexit sha1_base64="BoDX6LPpIOEupaSHQ94dbgG1/vA=">AAAB/HicbVC7TgMxENzjGcIrQEljESFRRT4aKCNoKINEHlJyinyOLzGxfSfbhxSdwjfQQk2HaPkXSv4EX3IFSRhppdHMrnZ3wkRwYzH+9tbWNza3tks75d29/YPDytFxy8SppqxJYxHrTkgME1yxpuVWsE6iGZGhYO1wfJv77SemDY/Vg50kLJBkqHjEKbFOavVCmbWn/UoV1/AMaJX4BalCgUa/8tMbxDSVTFkqiDFdHyc2yIi2nAo2LfdSwxJCx2TIuo4qIpkJstm1U3TulAGKYu1KWTRT/05kRBozkaHrlMSOzLKXi/953dRG10HGVZJapuh8UZQKZGOUv44GXDNqxcQRQjV3tyI6IppQ6wJa2BLKPBN/OYFV0rqs+bjm3+Nq/aZIpwSncAYX4MMV1OEOGtAECo/wAq/w5j17796H9zlvXfOKmRNYgPf1C3ImlcI=</latexit><latexit sha1_base64="BoDX6LPpIOEupaSHQ94dbgG1/vA=">AAAB/HicbVC7TgMxENzjGcIrQEljESFRRT4aKCNoKINEHlJyinyOLzGxfSfbhxSdwjfQQk2HaPkXSv4EX3IFSRhppdHMrnZ3wkRwYzH+9tbWNza3tks75d29/YPDytFxy8SppqxJYxHrTkgME1yxpuVWsE6iGZGhYO1wfJv77SemDY/Vg50kLJBkqHjEKbFOavVCmbWn/UoV1/AMaJX4BalCgUa/8tMbxDSVTFkqiDFdHyc2yIi2nAo2LfdSwxJCx2TIuo4qIpkJstm1U3TulAGKYu1KWTRT/05kRBozkaHrlMSOzLKXi/953dRG10HGVZJapuh8UZQKZGOUv44GXDNqxcQRQjV3tyI6IppQ6wJa2BLKPBN/OYFV0rqs+bjm3+Nq/aZIpwSncAYX4MMV1OEOGtAECo/wAq/w5j17796H9zlvXfOKmRNYgPf1C3ImlcI=</latexit><latexit sha1_base64="BoDX6LPpIOEupaSHQ94dbgG1/vA=">AAAB/HicbVC7TgMxENzjGcIrQEljESFRRT4aKCNoKINEHlJyinyOLzGxfSfbhxSdwjfQQk2HaPkXSv4EX3IFSRhppdHMrnZ3wkRwYzH+9tbWNza3tks75d29/YPDytFxy8SppqxJYxHrTkgME1yxpuVWsE6iGZGhYO1wfJv77SemDY/Vg50kLJBkqHjEKbFOavVCmbWn/UoV1/AMaJX4BalCgUa/8tMbxDSVTFkqiDFdHyc2yIi2nAo2LfdSwxJCx2TIuo4qIpkJstm1U3TulAGKYu1KWTRT/05kRBozkaHrlMSOzLKXi/953dRG10HGVZJapuh8UZQKZGOUv44GXDNqxcQRQjV3tyI6IppQ6wJa2BLKPBN/OYFV0rqs+bjm3+Nq/aZIpwSncAYX4MMV1OEOGtAECo/wAq/w5j17796H9zlvXfOKmRNYgPf1C3ImlcI=</latexit><latexit sha1_base64="BoDX6LPpIOEupaSHQ94dbgG1/vA=">AAAB/HicbVC7TgMxENzjGcIrQEljESFRRT4aKCNoKINEHlJyinyOLzGxfSfbhxSdwjfQQk2HaPkXSv4EX3IFSRhppdHMrnZ3wkRwYzH+9tbWNza3tks75d29/YPDytFxy8SppqxJYxHrTkgME1yxpuVWsE6iGZGhYO1wfJv77SemDY/Vg50kLJBkqHjEKbFOavVCmbWn/UoV1/AMaJX4BalCgUa/8tMbxDSVTFkqiDFdHyc2yIi2nAo2LfdSwxJCx2TIuo4qIpkJstm1U3TulAGKYu1KWTRT/05kRBozkaHrlMSOzLKXi/953dRG10HGVZJapuh8UZQKZGOUv44GXDNqxcQRQjV3tyI6IppQ6wJa2BLKPBN/OYFV0rqs+bjm3+Nq/aZIpwSncAYX4MMV1OEOGtAECo/wAq/w5j17796H9zlvXfOKmRNYgPf1C3ImlcI=</latexit>

ts
<latexit sha1_base64="ZW7eCMe0e5U7dIOD00n1CZsCFPI=">AAAB/3icbVA9SwNBEJ2LXzF+RcXK5jAIVuHORsugjWUE8wFJCHubvWTJ7t6xOyeE40B7KzvR3k5s/Sm2/hI3H4VJfDDweG+GmXlBLLhBz/t2ciura+sb+c3C1vbO7l5x/6BuokRTVqORiHQzIIYJrlgNOQrWjDUjMhCsEQyvx37jnmnDI3WHo5h1JOkrHnJK0ErNdiBTzLqmWyx5ZW8Cd5n4M1KqHL08PQBAtVv8afcimkimkApiTMv3YuykRCOngmWFdmJYTOiQ9FnLUkUkM510cm/mnlql54aRtqXQnah/J1IijRnJwHZKggOz6I3F/7xWguFlJ+UqTpApOl0UJsLFyB0/7/a4ZhTFyBJCNbe3unRANKFoI5rbEsisYEPxFyNYJvXzsu+V/VubzhVMkYdjOIEz8OECKnADVagBBQHP8ApvzqPz7nw4n9PWnDObOYQ5OF+/kRWYzw==</latexit><latexit sha1_base64="iRoF1Ve54WFyHzmxg0fTnQ5N2jM=">AAAB/3icbVA9SwNBEJ3zMyZ+RMXKZjEKqcKdjZZBG8sI5gOSI+xt9pIlu3vH7p4QjhPsrexEezux9afY+kvcfBQm8cHA470ZZuYFMWfauO63s7K6tr6xmdvKF7Z3dveK+wcNHSWK0DqJeKRaAdaUM0nrhhlOW7GiWAScNoPh9dhv3lOlWSTvzCimvsB9yUJGsLFSqxOI1GRd3S2W3Io7AVom3oyUqkcvTw/l00KtW/zp9CKSCCoN4VjrtufGxk+xMoxwmuU7iaYxJkPcp21LJRZU++nk3gydWaWHwkjZkgZN1L8TKRZaj0RgOwU2A73ojcX/vHZiwks/ZTJODJVkuihMODIRGj+PekxRYvjIEkwUs7ciMsAKE2MjmtsSiCxvQ/EWI1gmjfOK51a8W5vOFUyRg2M4gTJ4cAFVuIEa1IEAh2d4hTfn0Xl3PpzPaeuKM5s5hDk4X78IG5kk</latexit><latexit sha1_base64="iRoF1Ve54WFyHzmxg0fTnQ5N2jM=">AAAB/3icbVA9SwNBEJ3zMyZ+RMXKZjEKqcKdjZZBG8sI5gOSI+xt9pIlu3vH7p4QjhPsrexEezux9afY+kvcfBQm8cHA470ZZuYFMWfauO63s7K6tr6xmdvKF7Z3dveK+wcNHSWK0DqJeKRaAdaUM0nrhhlOW7GiWAScNoPh9dhv3lOlWSTvzCimvsB9yUJGsLFSqxOI1GRd3S2W3Io7AVom3oyUqkcvTw/l00KtW/zp9CKSCCoN4VjrtufGxk+xMoxwmuU7iaYxJkPcp21LJRZU++nk3gydWaWHwkjZkgZN1L8TKRZaj0RgOwU2A73ojcX/vHZiwks/ZTJODJVkuihMODIRGj+PekxRYvjIEkwUs7ciMsAKE2MjmtsSiCxvQ/EWI1gmjfOK51a8W5vOFUyRg2M4gTJ4cAFVuIEa1IEAh2d4hTfn0Xl3PpzPaeuKM5s5hDk4X78IG5kk</latexit><latexit sha1_base64="IkHjDpmGP2XM2bnN8KuPtauuubA=">AAAB/3icbVA9SwNBEJ2LXzF+RS1tDoNgFe5stAzaWEYwH5AcYW+zlyzZ3Tt254RwXOFfsNXeTmz9Kbb+EjfJFSbxwcDjvRlm5oWJ4AY979spbWxube+Udyt7+weHR9Xjk7aJU01Zi8Yi1t2QGCa4Yi3kKFg30YzIULBOOLmb+Z0npg2P1SNOExZIMlI84pSglbr9UGaYD8ygWvPq3hzuOvELUoMCzUH1pz+MaSqZQiqIMT3fSzDIiEZOBcsr/dSwhNAJGbGepYpIZoJsfm/uXlhl6EaxtqXQnat/JzIijZnK0HZKgmOz6s3E/7xeitFNkHGVpMgUXSyKUuFi7M6ed4dcM4piagmhmttbXTommlC0ES1tCWVesaH4qxGsk/ZV3ffq/oNXa9wW8ZThDM7hEny4hgbcQxNaQEHAC7zCm/PsvDsfzueiteQUM6ewBOfrF8ZbltU=</latexit>

zs,n
<latexit sha1_base64="u7utx2dJa07hoDKKi86DNI7TT2A=">AAACB3icbVDLSgMxFL3js9ZX1aWbYBFclDIjgi6LblxWsA9oh5JJM21okhmSjFCH+QCXbvUj3IlbP8Nv8CfMtLPQ1gOBwzn3ck9OEHOmjet+OSura+sbm6Wt8vbO7t5+5eCwraNEEdoiEY9UN8CaciZpyzDDaTdWFIuA004wucn9zgNVmkXy3kxj6gs8kixkBBsrdR4Hqa7JbFCpunV3BrRMvIJUoUBzUPnuDyOSCCoN4VjrnufGxk+xMoxwmpX7iaYxJhM8oj1LJRZU++ksboZOrTJEYaTskwbN1N8bKRZaT0VgJwU2Y73o5eJ/Xi8x4ZWfMhknhkoyPxQmHJkI5X9HQ6YoMXxqCSaK2ayIjLHCxNiGFq/k2XQtEFnZtuMtdrFM2ud1z617dxfVxnXRUwmO4QTOwINLaMAtNKEFBCbwDC/w6jw5b8678zEfXXGKnSP4A+fzB1sSmhE=</latexit><latexit sha1_base64="u7utx2dJa07hoDKKi86DNI7TT2A=">AAACB3icbVDLSgMxFL3js9ZX1aWbYBFclDIjgi6LblxWsA9oh5JJM21okhmSjFCH+QCXbvUj3IlbP8Nv8CfMtLPQ1gOBwzn3ck9OEHOmjet+OSura+sbm6Wt8vbO7t5+5eCwraNEEdoiEY9UN8CaciZpyzDDaTdWFIuA004wucn9zgNVmkXy3kxj6gs8kixkBBsrdR4Hqa7JbFCpunV3BrRMvIJUoUBzUPnuDyOSCCoN4VjrnufGxk+xMoxwmpX7iaYxJhM8oj1LJRZU++ksboZOrTJEYaTskwbN1N8bKRZaT0VgJwU2Y73o5eJ/Xi8x4ZWfMhknhkoyPxQmHJkI5X9HQ6YoMXxqCSaK2ayIjLHCxNiGFq/k2XQtEFnZtuMtdrFM2ud1z617dxfVxnXRUwmO4QTOwINLaMAtNKEFBCbwDC/w6jw5b8678zEfXXGKnSP4A+fzB1sSmhE=</latexit><latexit sha1_base64="u7utx2dJa07hoDKKi86DNI7TT2A=">AAACB3icbVDLSgMxFL3js9ZX1aWbYBFclDIjgi6LblxWsA9oh5JJM21okhmSjFCH+QCXbvUj3IlbP8Nv8CfMtLPQ1gOBwzn3ck9OEHOmjet+OSura+sbm6Wt8vbO7t5+5eCwraNEEdoiEY9UN8CaciZpyzDDaTdWFIuA004wucn9zgNVmkXy3kxj6gs8kixkBBsrdR4Hqa7JbFCpunV3BrRMvIJUoUBzUPnuDyOSCCoN4VjrnufGxk+xMoxwmpX7iaYxJhM8oj1LJRZU++ksboZOrTJEYaTskwbN1N8bKRZaT0VgJwU2Y73o5eJ/Xi8x4ZWfMhknhkoyPxQmHJkI5X9HQ6YoMXxqCSaK2ayIjLHCxNiGFq/k2XQtEFnZtuMtdrFM2ud1z617dxfVxnXRUwmO4QTOwINLaMAtNKEFBCbwDC/w6jw5b8678zEfXXGKnSP4A+fzB1sSmhE=</latexit><latexit sha1_base64="u7utx2dJa07hoDKKi86DNI7TT2A=">AAACB3icbVDLSgMxFL3js9ZX1aWbYBFclDIjgi6LblxWsA9oh5JJM21okhmSjFCH+QCXbvUj3IlbP8Nv8CfMtLPQ1gOBwzn3ck9OEHOmjet+OSura+sbm6Wt8vbO7t5+5eCwraNEEdoiEY9UN8CaciZpyzDDaTdWFIuA004wucn9zgNVmkXy3kxj6gs8kixkBBsrdR4Hqa7JbFCpunV3BrRMvIJUoUBzUPnuDyOSCCoN4VjrnufGxk+xMoxwmpX7iaYxJhM8oj1LJRZU++ksboZOrTJEYaTskwbN1N8bKRZaT0VgJwU2Y73o5eJ/Xi8x4ZWfMhknhkoyPxQmHJkI5X9HQ6YoMXxqCSaK2ayIjLHCxNiGFq/k2XQtEFnZtuMtdrFM2ud1z617dxfVxnXRUwmO4QTOwINLaMAtNKEFBCbwDC/w6jw5b8678zEfXXGKnSP4A+fzB1sSmhE=</latexit>

ϕsn
<latexit sha1_base64="smEV95jnGzcUoOxE8nuv4uctMPU=">AAACCXicbVDLSsNAFL2pr1pfqS51ESyCq5K40WXRjcsK9gFNCJPppB06Mwkzk0oJ+QK/wa2u3Ylbv8Klf2KSdmFbD1w4nHMv53KCmFGlbfvbqGxsbm3vVHdre/sHh0dm/birokRi0sERi2Q/QIowKkhHU81IP5YE8YCRXjC5K/zelEhFI/GoZzHxOBoJGlKMdC75Zt0NeOpOkYzHNPNTJTLfbNhNu4S1TpwFabTOoETbN3/cYYQTToTGDCk1cOxYeymSmmJGspqbKBIjPEEjMsipQJwoLy1fz6yLXBlaYSTzEdoq1b8XKeJKzXiQb3Kkx2rVK8T/vEGiwxsvpSJONBF4HhQmzNKRVfRgDakkWLNZThCWNP/VwmMkEdZ5W0spAS86cVYbWCfdq6ZjN50Hp9G6nZcDVTiFc7gEB66hBffQhg5geIIXeIU349l4Nz6Mz/lqxVjcnMASjK9fvjObhQ==</latexit><latexit sha1_base64="smEV95jnGzcUoOxE8nuv4uctMPU=">AAACCXicbVDLSsNAFL2pr1pfqS51ESyCq5K40WXRjcsK9gFNCJPppB06Mwkzk0oJ+QK/wa2u3Ylbv8Klf2KSdmFbD1w4nHMv53KCmFGlbfvbqGxsbm3vVHdre/sHh0dm/birokRi0sERi2Q/QIowKkhHU81IP5YE8YCRXjC5K/zelEhFI/GoZzHxOBoJGlKMdC75Zt0NeOpOkYzHNPNTJTLfbNhNu4S1TpwFabTOoETbN3/cYYQTToTGDCk1cOxYeymSmmJGspqbKBIjPEEjMsipQJwoLy1fz6yLXBlaYSTzEdoq1b8XKeJKzXiQb3Kkx2rVK8T/vEGiwxsvpSJONBF4HhQmzNKRVfRgDakkWLNZThCWNP/VwmMkEdZ5W0spAS86cVYbWCfdq6ZjN50Hp9G6nZcDVTiFc7gEB66hBffQhg5geIIXeIU349l4Nz6Mz/lqxVjcnMASjK9fvjObhQ==</latexit><latexit sha1_base64="smEV95jnGzcUoOxE8nuv4uctMPU=">AAACCXicbVDLSsNAFL2pr1pfqS51ESyCq5K40WXRjcsK9gFNCJPppB06Mwkzk0oJ+QK/wa2u3Ylbv8Klf2KSdmFbD1w4nHMv53KCmFGlbfvbqGxsbm3vVHdre/sHh0dm/birokRi0sERi2Q/QIowKkhHU81IP5YE8YCRXjC5K/zelEhFI/GoZzHxOBoJGlKMdC75Zt0NeOpOkYzHNPNTJTLfbNhNu4S1TpwFabTOoETbN3/cYYQTToTGDCk1cOxYeymSmmJGspqbKBIjPEEjMsipQJwoLy1fz6yLXBlaYSTzEdoq1b8XKeJKzXiQb3Kkx2rVK8T/vEGiwxsvpSJONBF4HhQmzNKRVfRgDakkWLNZThCWNP/VwmMkEdZ5W0spAS86cVYbWCfdq6ZjN50Hp9G6nZcDVTiFc7gEB66hBffQhg5geIIXeIU349l4Nz6Mz/lqxVjcnMASjK9fvjObhQ==</latexit><latexit sha1_base64="DG5mk4sobTfBzhnsntnferOGErY=">AAACCXicbVDLSsNAFL3xWesr1aWbYBFclcSNLotuXFawD2hDmEwn7dCZSZiZVErIF/gNbnXtTtz6FS79EydtFrb1wIXDOfdyLidMGFXadb+tjc2t7Z3dyl51/+Dw6NiunXRUnEpM2jhmseyFSBFGBWlrqhnpJZIgHjLSDSd3hd+dEqloLB71LCE+RyNBI4qRNlJg1wYhzwZTJJMxzYNMiTyw627DncNZJ15J6lCiFdg/g2GMU06Exgwp1ffcRPsZkppiRvLqIFUkQXiCRqRvqECcKD+bv547F0YZOlEszQjtzNW/FxniSs14aDY50mO16hXif14/1dGNn1GRpJoIvAiKUubo2Cl6cIZUEqzZzBCEJTW/OniMJMLatLWUEvKiE2+1gXXSuWp4bsN78OrN27KdCpzBOVyCB9fQhHtoQRswPMELvMKb9Wy9Wx/W52J1wypvTmEJ1tcvO9ubKQ==</latexit>

g
<latexit sha1_base64="qoOM+YKtHGti8yl3tTVFBGQc94U=">AAAB+nicbVC7TgMxENzjGcIrQAmFRYREFd3RQBlBQ5kI8pCSU+RzfBcrtu9k+5Ci4z6BFno6REvBr9AhvgTnUZCEkVYazexqdydIONPGdb+cldW19Y3NwlZxe2d3b790cNjUcaoIbZCYx6odYE05k7RhmOG0nSiKRcBpKxjejP3WA1WaxfLejBLqCxxJFjKCjZXusijvlcpuxZ0ALRNvRsrVk8/6NwDUeqWfbj8mqaDSEI617nhuYvwMK8MIp3mxm2qaYDLEEe1YKrGg2s8mp+bozCp9FMbKljRoov6dyLDQeiQC2ymwGehFbyz+53VSE175GZNJaqgk00VhypGJ0fhv1GeKEsNHlmCimL0VkQFWmBibztyWQORFG4q3GMEyaV5UPLfi1W061zBFAY7hFM7Bg0uowi3UoAEEIniCZ3hxHp1X5815n7auOLOZI5iD8/EL/4CW3g==</latexit><latexit sha1_base64="jEkcF8uYOjyLT2VWhYXXoSi7lXU=">AAAB+nicbVA9SwNBEJ2LXzF+RS0VWQyCVbiz0TJoY5mg+YDkCHubvcuSvb1jd08I55WWttrbia1F/oqtrX/CzUdhEh8MPN6bYWaeF3OmtG1/WbmV1bX1jfxmYWt7Z3evuH/QUFEiCa2TiEey5WFFORO0rpnmtBVLikOP06Y3uBn7zQcqFYvEvR7G1A1xIJjPCNZGukuDrFss2WV7ArRMnBkpVY5HtZ+nk1G1W/zu9CKShFRowrFSbceOtZtiqRnhNCt0EkVjTAY4oG1DBQ6pctPJqRk6M0oP+ZE0JTSaqH8nUhwqNQw90xli3VeL3lj8z2sn2r9yUybiRFNBpov8hCMdofHfqMckJZoPDcFEMnMrIn0sMdEmnbktXpgVTCjOYgTLpHFRduyyUzPpXMMUeTiCUzgHBy6hArdQhToQCOAZXuDVerTerHfrY9qas2YzhzAH6/MX9CWYRA==</latexit><latexit sha1_base64="jEkcF8uYOjyLT2VWhYXXoSi7lXU=">AAAB+nicbVA9SwNBEJ2LXzF+RS0VWQyCVbiz0TJoY5mg+YDkCHubvcuSvb1jd08I55WWttrbia1F/oqtrX/CzUdhEh8MPN6bYWaeF3OmtG1/WbmV1bX1jfxmYWt7Z3evuH/QUFEiCa2TiEey5WFFORO0rpnmtBVLikOP06Y3uBn7zQcqFYvEvR7G1A1xIJjPCNZGukuDrFss2WV7ArRMnBkpVY5HtZ+nk1G1W/zu9CKShFRowrFSbceOtZtiqRnhNCt0EkVjTAY4oG1DBQ6pctPJqRk6M0oP+ZE0JTSaqH8nUhwqNQw90xli3VeL3lj8z2sn2r9yUybiRFNBpov8hCMdofHfqMckJZoPDcFEMnMrIn0sMdEmnbktXpgVTCjOYgTLpHFRduyyUzPpXMMUeTiCUzgHBy6hArdQhToQCOAZXuDVerTerHfrY9qas2YzhzAH6/MX9CWYRA==</latexit><latexit sha1_base64="n+1W5nyRox56DmOS7Vb+vC/pX0Q=">AAAB+nicbVA9T8MwEL2Ur1K+CowsFhUSU5Ww0LGChbEI+iG1UeW4TmrVdiLbQapCfgIr7GyIlT/Dyi/BbTPQlied9PTene7uBQln2rjut1Pa2Nza3invVvb2Dw6PqscnHR2nitA2iXmsegHWlDNJ24YZTnuJolgEnHaDye3M7z5RpVksH800ob7AkWQhI9hY6SGL8mG15tbdOdA68QpSgwKtYfVnMIpJKqg0hGOt+56bGD/DyjDCaV4ZpJommExwRPuWSiyo9rP5qTm6sMoIhbGyJQ2aq38nMiy0norAdgpsxnrVm4n/ef3UhA0/YzJJDZVksShMOTIxmv2NRkxRYvjUEkwUs7ciMsYKE2PTWdoSiLxiQ/FWI1gnnau659a9e7fWvCniKcMZnMMleHANTbiDFrSBQAQv8ApvzrPz7nw4n4vWklPMnMISnK9fyzaUmQ==</latexit>

o�`B�iBQM�H �TT`QtBK�iBQM
<latexit sha1_base64="/KS8eDF0XTxQx8lCC/x6yCQ2NAo=">AAACEnicbZC7SgNBFIZnvcZ4i1qJzWAQrMJuGlNGbCwjmAskS5idzCZD5sbMrBiW4Ev4Crba24mtL2DrkzjZbGESDwx8/P85nDN/pBg11ve/vbX1jc2t7cJOcXdv/+CwdHTcMjLRmDSxZFJ3ImQIo4I0LbWMdJQmiEeMtKPxzcxvPxBtqBT3dqJIyNFQ0JhiZJ3UL522kKYZIwavldLykfLcK/sVPyu4CkEOZZBXo1/66Q0kTjgRFjNkTDfwlQ1TpC3FjEyLvcQQhfAYDUnXoUCcmDDNvjCFF04ZwFhq94SFmfp3IkXcmAmPXKc7b2SWvZn4n9dNbFwLUypUYonA80VxwqCVcJYHHFBNsGUTBwhr6m6FeIQ0wtaltrAl4tOiCyVYjmAVWtVK4FeCu2q5XsvjKYAzcA4uQQCuQB3cggZoAgyewAt4BW/es/fufXif89Y1L585AQvlff0CjmSeRA==</latexit><latexit sha1_base64="/KS8eDF0XTxQx8lCC/x6yCQ2NAo=">AAACEnicbZC7SgNBFIZnvcZ4i1qJzWAQrMJuGlNGbCwjmAskS5idzCZD5sbMrBiW4Ev4Crba24mtL2DrkzjZbGESDwx8/P85nDN/pBg11ve/vbX1jc2t7cJOcXdv/+CwdHTcMjLRmDSxZFJ3ImQIo4I0LbWMdJQmiEeMtKPxzcxvPxBtqBT3dqJIyNFQ0JhiZJ3UL522kKYZIwavldLykfLcK/sVPyu4CkEOZZBXo1/66Q0kTjgRFjNkTDfwlQ1TpC3FjEyLvcQQhfAYDUnXoUCcmDDNvjCFF04ZwFhq94SFmfp3IkXcmAmPXKc7b2SWvZn4n9dNbFwLUypUYonA80VxwqCVcJYHHFBNsGUTBwhr6m6FeIQ0wtaltrAl4tOiCyVYjmAVWtVK4FeCu2q5XsvjKYAzcA4uQQCuQB3cggZoAgyewAt4BW/es/fufXif89Y1L585AQvlff0CjmSeRA==</latexit><latexit sha1_base64="/KS8eDF0XTxQx8lCC/x6yCQ2NAo=">AAACEnicbZC7SgNBFIZnvcZ4i1qJzWAQrMJuGlNGbCwjmAskS5idzCZD5sbMrBiW4Ev4Crba24mtL2DrkzjZbGESDwx8/P85nDN/pBg11ve/vbX1jc2t7cJOcXdv/+CwdHTcMjLRmDSxZFJ3ImQIo4I0LbWMdJQmiEeMtKPxzcxvPxBtqBT3dqJIyNFQ0JhiZJ3UL522kKYZIwavldLykfLcK/sVPyu4CkEOZZBXo1/66Q0kTjgRFjNkTDfwlQ1TpC3FjEyLvcQQhfAYDUnXoUCcmDDNvjCFF04ZwFhq94SFmfp3IkXcmAmPXKc7b2SWvZn4n9dNbFwLUypUYonA80VxwqCVcJYHHFBNsGUTBwhr6m6FeIQ0wtaltrAl4tOiCyVYjmAVWtVK4FeCu2q5XsvjKYAzcA4uQQCuQB3cggZoAgyewAt4BW/es/fufXif89Y1L585AQvlff0CjmSeRA==</latexit><latexit sha1_base64="/KS8eDF0XTxQx8lCC/x6yCQ2NAo=">AAACEnicbZC7SgNBFIZnvcZ4i1qJzWAQrMJuGlNGbCwjmAskS5idzCZD5sbMrBiW4Ev4Crba24mtL2DrkzjZbGESDwx8/P85nDN/pBg11ve/vbX1jc2t7cJOcXdv/+CwdHTcMjLRmDSxZFJ3ImQIo4I0LbWMdJQmiEeMtKPxzcxvPxBtqBT3dqJIyNFQ0JhiZJ3UL522kKYZIwavldLykfLcK/sVPyu4CkEOZZBXo1/66Q0kTjgRFjNkTDfwlQ1TpC3FjEyLvcQQhfAYDUnXoUCcmDDNvjCFF04ZwFhq94SFmfp3IkXcmAmPXKc7b2SWvZn4n9dNbFwLUypUYonA80VxwqCVcJYHHFBNsGUTBwhr6m6FeIQ0wtaltrAl4tOiCyVYjmAVWtVK4FeCu2q5XsvjKYAzcA4uQQCuQB3cggZoAgyewAt4BW/es/fufXif89Y1L585AQvlff0CjmSeRA==</latexit>

Q0
<latexit sha1_base64="jombm78ozze8hBGjU11vtCEwca4=">AAACOXicbVDLSgMxFM3Ud33rwoWbYBFdlRkRdCWCG1ei0he0pdxJb21okhmSjFKG+Q23+h9+iUt34tYfMNN2Ya0XAodzcs+994Sx4Mb6/rtXmJtfWFxaXimurq1vbG5t79RMlGiGVRaJSDdCMCi4wqrlVmAj1ggyFFgPB1e5Xn9EbXikKnYYY1vCg+I9zsA6qtWSYPsMRHqXHXW2Sn7ZHxWdBcEElMikbjvb3l6rG7FEorJMgDHNwI9tOwVtOROYFVuJwRjYAB6w6aACiaadjpbO6KFjurQXafeUpSP2d0ea0yZG5nwMWglc5Uxa4c6F3uATvY8kqKw41QTSmKEMnX1+mfmr5eR/WjOxvfN2ylWcWFRsvF0vEdRGNI+NdrlGZsXQAWCauwMp64MGZl24U1NCmRVdlMHf4GZB7aQc+OXg7rR0eTEJdZnskwNyTAJyRi7JNbklVcJITJ7JC3n13rwP79P7Gn8teJOeXTJV3vcPfN+s0Q==</latexit><latexit sha1_base64="jombm78ozze8hBGjU11vtCEwca4=">AAACOXicbVDLSgMxFM3Ud33rwoWbYBFdlRkRdCWCG1ei0he0pdxJb21okhmSjFKG+Q23+h9+iUt34tYfMNN2Ya0XAodzcs+994Sx4Mb6/rtXmJtfWFxaXimurq1vbG5t79RMlGiGVRaJSDdCMCi4wqrlVmAj1ggyFFgPB1e5Xn9EbXikKnYYY1vCg+I9zsA6qtWSYPsMRHqXHXW2Sn7ZHxWdBcEElMikbjvb3l6rG7FEorJMgDHNwI9tOwVtOROYFVuJwRjYAB6w6aACiaadjpbO6KFjurQXafeUpSP2d0ea0yZG5nwMWglc5Uxa4c6F3uATvY8kqKw41QTSmKEMnX1+mfmr5eR/WjOxvfN2ylWcWFRsvF0vEdRGNI+NdrlGZsXQAWCauwMp64MGZl24U1NCmRVdlMHf4GZB7aQc+OXg7rR0eTEJdZnskwNyTAJyRi7JNbklVcJITJ7JC3n13rwP79P7Gn8teJOeXTJV3vcPfN+s0Q==</latexit><latexit sha1_base64="jombm78ozze8hBGjU11vtCEwca4=">AAACOXicbVDLSgMxFM3Ud33rwoWbYBFdlRkRdCWCG1ei0he0pdxJb21okhmSjFKG+Q23+h9+iUt34tYfMNN2Ya0XAodzcs+994Sx4Mb6/rtXmJtfWFxaXimurq1vbG5t79RMlGiGVRaJSDdCMCi4wqrlVmAj1ggyFFgPB1e5Xn9EbXikKnYYY1vCg+I9zsA6qtWSYPsMRHqXHXW2Sn7ZHxWdBcEElMikbjvb3l6rG7FEorJMgDHNwI9tOwVtOROYFVuJwRjYAB6w6aACiaadjpbO6KFjurQXafeUpSP2d0ea0yZG5nwMWglc5Uxa4c6F3uATvY8kqKw41QTSmKEMnX1+mfmr5eR/WjOxvfN2ylWcWFRsvF0vEdRGNI+NdrlGZsXQAWCauwMp64MGZl24U1NCmRVdlMHf4GZB7aQc+OXg7rR0eTEJdZnskwNyTAJyRi7JNbklVcJITJ7JC3n13rwP79P7Gn8teJOeXTJV3vcPfN+s0Q==</latexit><latexit sha1_base64="jombm78ozze8hBGjU11vtCEwca4=">AAACOXicbVDLSgMxFM3Ud33rwoWbYBFdlRkRdCWCG1ei0he0pdxJb21okhmSjFKG+Q23+h9+iUt34tYfMNN2Ya0XAodzcs+994Sx4Mb6/rtXmJtfWFxaXimurq1vbG5t79RMlGiGVRaJSDdCMCi4wqrlVmAj1ggyFFgPB1e5Xn9EbXikKnYYY1vCg+I9zsA6qtWSYPsMRHqXHXW2Sn7ZHxWdBcEElMikbjvb3l6rG7FEorJMgDHNwI9tOwVtOROYFVuJwRjYAB6w6aACiaadjpbO6KFjurQXafeUpSP2d0ea0yZG5nwMWglc5Uxa4c6F3uATvY8kqKw41QTSmKEMnX1+mfmr5eR/WjOxvfN2ylWcWFRsvF0vEdRGNI+NdrlGZsXQAWCauwMp64MGZl24U1NCmRVdlMHf4GZB7aQc+OXg7rR0eTEJdZnskwNyTAJyRi7JNbklVcJITJ7JC3n13rwP79P7Gn8teJOeXTJV3vcPfN+s0Q==</latexit>

1tTH�BM2` JQ/2H
<latexit sha1_base64="x0Gn85x09VqKdoaRY/e1PUoRi5Q=">AAACCHicbVC7SgNBFL3rM8ZHVi1tBoNgFXbTmDIggo0QwTwgWcLs7CQZMrOzzMyKYckP+Au22tuJrX9h65c4SbYwiQcuHM65h3s5YcKZNp737Wxsbm3v7Bb2ivsHh0cl9/ikpWWqCG0SyaXqhFhTzmLaNMxw2kkUxSLktB2Or2d++5EqzWT8YCYJDQQexmzACDZW6rulm6eEYxtW6E5GlPfdslfx5kDrxM9JGXI0+u5PL5IkFTQ2hGOtu76XmCDDyjDC6bTYSzVNMBnjIe1aGmNBdZDNH5+iC6tEaCCVndigufo3kWGh9USEdlNgM9Kr3kz8z+umZlALMhYnqaExWRwapBwZiWYtoIgpSgyfWIKJYvZXREZYYWJsV0tXQjEt2lL81QrWSata8b2Kf18t12t5PQU4g3O4BB+uoA630IAmEEjhBV7hzXl23p0P53OxuuHkmVNYgvP1CwRImZQ=</latexit><latexit sha1_base64="x0Gn85x09VqKdoaRY/e1PUoRi5Q=">AAACCHicbVC7SgNBFL3rM8ZHVi1tBoNgFXbTmDIggo0QwTwgWcLs7CQZMrOzzMyKYckP+Au22tuJrX9h65c4SbYwiQcuHM65h3s5YcKZNp737Wxsbm3v7Bb2ivsHh0cl9/ikpWWqCG0SyaXqhFhTzmLaNMxw2kkUxSLktB2Or2d++5EqzWT8YCYJDQQexmzACDZW6rulm6eEYxtW6E5GlPfdslfx5kDrxM9JGXI0+u5PL5IkFTQ2hGOtu76XmCDDyjDC6bTYSzVNMBnjIe1aGmNBdZDNH5+iC6tEaCCVndigufo3kWGh9USEdlNgM9Kr3kz8z+umZlALMhYnqaExWRwapBwZiWYtoIgpSgyfWIKJYvZXREZYYWJsV0tXQjEt2lL81QrWSata8b2Kf18t12t5PQU4g3O4BB+uoA630IAmEEjhBV7hzXl23p0P53OxuuHkmVNYgvP1CwRImZQ=</latexit><latexit sha1_base64="x0Gn85x09VqKdoaRY/e1PUoRi5Q=">AAACCHicbVC7SgNBFL3rM8ZHVi1tBoNgFXbTmDIggo0QwTwgWcLs7CQZMrOzzMyKYckP+Au22tuJrX9h65c4SbYwiQcuHM65h3s5YcKZNp737Wxsbm3v7Bb2ivsHh0cl9/ikpWWqCG0SyaXqhFhTzmLaNMxw2kkUxSLktB2Or2d++5EqzWT8YCYJDQQexmzACDZW6rulm6eEYxtW6E5GlPfdslfx5kDrxM9JGXI0+u5PL5IkFTQ2hGOtu76XmCDDyjDC6bTYSzVNMBnjIe1aGmNBdZDNH5+iC6tEaCCVndigufo3kWGh9USEdlNgM9Kr3kz8z+umZlALMhYnqaExWRwapBwZiWYtoIgpSgyfWIKJYvZXREZYYWJsV0tXQjEt2lL81QrWSata8b2Kf18t12t5PQU4g3O4BB+uoA630IAmEEjhBV7hzXl23p0P53OxuuHkmVNYgvP1CwRImZQ=</latexit><latexit sha1_base64="x0Gn85x09VqKdoaRY/e1PUoRi5Q=">AAACCHicbVC7SgNBFL3rM8ZHVi1tBoNgFXbTmDIggo0QwTwgWcLs7CQZMrOzzMyKYckP+Au22tuJrX9h65c4SbYwiQcuHM65h3s5YcKZNp737Wxsbm3v7Bb2ivsHh0cl9/ikpWWqCG0SyaXqhFhTzmLaNMxw2kkUxSLktB2Or2d++5EqzWT8YCYJDQQexmzACDZW6rulm6eEYxtW6E5GlPfdslfx5kDrxM9JGXI0+u5PL5IkFTQ2hGOtu76XmCDDyjDC6bTYSzVNMBnjIe1aGmNBdZDNH5+iC6tEaCCVndigufo3kWGh9USEdlNgM9Kr3kz8z+umZlALMhYnqaExWRwapBwZiWYtoIgpSgyfWIKJYvZXREZYYWJsV0tXQjEt2lL81QrWSata8b2Kf18t12t5PQU4g3O4BB+uoA630IAmEEjhBV7hzXl23p0P53OxuuHkmVNYgvP1CwRImZQ=</latexit>

K
<latexit sha1_base64="84i59iNVna5gwhaO9CzLfcrOu1E=">AAAB+HicbVC7SgNBFL0bX3F9RS1tBoNgFXZttBGDNoJNAuYByRJmJ7PJkJnZZWZWiEvA3lZ7O7H1J/wGW7/EyaMwiQcuHM65l3vvCRPOtPG8bye3srq2vpHfdLe2d3b3CvsHdR2nitAaiXmsmiHWlDNJa4YZTpuJoliEnDbCwc3YbzxQpVks780woYHAPckiRrCxUvWuUyh6JW8CtEz8GSlefbmXTwBQ6RR+2t2YpIJKQzjWuuV7iQkyrAwjnI7cdqppgskA92jLUokF1UE2OXSETqzSRVGsbEmDJurfiQwLrYcitJ0Cm75e9Mbif14rNdFFkDGZpIZKMl0UpRyZGI2/Rl2mKDF8aAkmitlbEeljhYmx2cxtCcXItaH4ixEsk/pZyfdKftUrlq9hijwcwTGcgg/nUIZbqEANCFB4hhd4dR6dN+fd+Zi25pzZzCHMwfn8BVhYlT4=</latexit><latexit sha1_base64="DFgQTlfJ3/gLsssEEQM2xn10Kvs=">AAAB+HicbVC7SgNBFJ2Nr7i+opY2g0GwCrs22ohBG8EmAfOAZAmzk7vJkJnZZWZWiEu+wFZ7wUJs/Qk/QWz9EiePwkQPXDiccy/33hMmnGnjeV9Obml5ZXUtv+5ubG5t7xR29+o6ThWFGo15rJoh0cCZhJphhkMzUUBEyKERDq7GfuMOlGaxvDXDBAJBepJFjBJjpepNp1D0St4E+C/xZ6R48eGeJy+fbqVT+G53Y5oKkIZyonXL9xITZEQZRjmM3HaqISF0QHrQslQSATrIJoeO8JFVujiKlS1p8ET9PZERofVQhLZTENPXi95Y/M9rpSY6CzImk9SApNNFUcqxifH4a9xlCqjhQ0sIVczeimmfKEKNzWZuSyhGrg3FX4zgL6mflHyv5Fe9YvkSTZFHB+gQHSMfnaIyukYVVEMUAXpAj+jJuXeenVfnbdqac2Yz+2gOzvsPYSeWsg==</latexit><latexit sha1_base64="DFgQTlfJ3/gLsssEEQM2xn10Kvs=">AAAB+HicbVC7SgNBFJ2Nr7i+opY2g0GwCrs22ohBG8EmAfOAZAmzk7vJkJnZZWZWiEu+wFZ7wUJs/Qk/QWz9EiePwkQPXDiccy/33hMmnGnjeV9Obml5ZXUtv+5ubG5t7xR29+o6ThWFGo15rJoh0cCZhJphhkMzUUBEyKERDq7GfuMOlGaxvDXDBAJBepJFjBJjpepNp1D0St4E+C/xZ6R48eGeJy+fbqVT+G53Y5oKkIZyonXL9xITZEQZRjmM3HaqISF0QHrQslQSATrIJoeO8JFVujiKlS1p8ET9PZERofVQhLZTENPXi95Y/M9rpSY6CzImk9SApNNFUcqxifH4a9xlCqjhQ0sIVczeimmfKEKNzWZuSyhGrg3FX4zgL6mflHyv5Fe9YvkSTZFHB+gQHSMfnaIyukYVVEMUAXpAj+jJuXeenVfnbdqac2Yz+2gOzvsPYSeWsg==</latexit><latexit sha1_base64="wZuR18y0tqDW247mrR8gzgaKlqY=">AAAB+HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5stAzaCDYJmA9IjrC3mUuW7N4du3tCPPILbLW3E1v/ja2/xE1yhUl8MPB4b4aZeUEiuDau++0UNja3tneKu6W9/YPDo/LxSUvHqWLYZLGIVSegGgWPsGm4EdhJFFIZCGwH47uZ335CpXkcPZpJgr6kw4iHnFFjpcZDv1xxq+4cZJ14OalAjnq//NMbxCyVGBkmqNZdz02Mn1FlOBM4LfVSjQllYzrErqURlaj9bH7olFxYZUDCWNmKDJmrfycyKrWeyMB2SmpGetWbif953dSEN37GoyQ1GLHFojAVxMRk9jUZcIXMiIkllClubyVsRBVlxmaztCWQ05INxVuNYJ20rqqeW/UabqV2m8dThDM4h0vw4BpqcA91aAIDhBd4hTfn2Xl3PpzPRWvByWdOYQnO1y/MQZNx</latexit>

✓k
<latexit sha1_base64="Di84WBpoibAwqDyshyyZR+mnQ/s=">AAACBHicbVC7SgNBFJ2NrxhfUUubwSBYhV0RtAzaWEYwD8guYXYymwyZmV1n7gph2dZfsNXeTmz9D1u/xEmyhUk8cOFwzr2cywkTwQ247rdTWlvf2Nwqb1d2dvf2D6qHR20Tp5qyFo1FrLshMUxwxVrAQbBuohmRoWCdcHw79TtPTBseqweYJCyQZKh4xCkBKwV+KDMfRgxI3h/3qzW37s6AV4lXkBoq0OxXf/xBTFPJFFBBjOl5bgJBRjRwKlhe8VPDEkLHZMh6lioimQmy2dM5PrPKAEextqMAz9S/FxmRxkxkaDclgZFZ9qbif14vheg6yLhKUmCKzoOiVGCI8bQBPOCaURATSwjV3P6K6YhoQsH2tJASyrxiS/GWK1gl7Yu659a9+8ta46aop4xO0Ck6Rx66Qg10h5qohSh6RC/oFb05z8678+F8zldLTnFzjBbgfP0CrXeZAQ==</latexit><latexit sha1_base64="Di84WBpoibAwqDyshyyZR+mnQ/s=">AAACBHicbVC7SgNBFJ2NrxhfUUubwSBYhV0RtAzaWEYwD8guYXYymwyZmV1n7gph2dZfsNXeTmz9D1u/xEmyhUk8cOFwzr2cywkTwQ247rdTWlvf2Nwqb1d2dvf2D6qHR20Tp5qyFo1FrLshMUxwxVrAQbBuohmRoWCdcHw79TtPTBseqweYJCyQZKh4xCkBKwV+KDMfRgxI3h/3qzW37s6AV4lXkBoq0OxXf/xBTFPJFFBBjOl5bgJBRjRwKlhe8VPDEkLHZMh6lioimQmy2dM5PrPKAEextqMAz9S/FxmRxkxkaDclgZFZ9qbif14vheg6yLhKUmCKzoOiVGCI8bQBPOCaURATSwjV3P6K6YhoQsH2tJASyrxiS/GWK1gl7Yu659a9+8ta46aop4xO0Ck6Rx66Qg10h5qohSh6RC/oFb05z8678+F8zldLTnFzjBbgfP0CrXeZAQ==</latexit><latexit sha1_base64="Di84WBpoibAwqDyshyyZR+mnQ/s=">AAACBHicbVC7SgNBFJ2NrxhfUUubwSBYhV0RtAzaWEYwD8guYXYymwyZmV1n7gph2dZfsNXeTmz9D1u/xEmyhUk8cOFwzr2cywkTwQ247rdTWlvf2Nwqb1d2dvf2D6qHR20Tp5qyFo1FrLshMUxwxVrAQbBuohmRoWCdcHw79TtPTBseqweYJCyQZKh4xCkBKwV+KDMfRgxI3h/3qzW37s6AV4lXkBoq0OxXf/xBTFPJFFBBjOl5bgJBRjRwKlhe8VPDEkLHZMh6lioimQmy2dM5PrPKAEextqMAz9S/FxmRxkxkaDclgZFZ9qbif14vheg6yLhKUmCKzoOiVGCI8bQBPOCaURATSwjV3P6K6YhoQsH2tJASyrxiS/GWK1gl7Yu659a9+8ta46aop4xO0Ck6Rx66Qg10h5qohSh6RC/oFb05z8678+F8zldLTnFzjBbgfP0CrXeZAQ==</latexit><latexit sha1_base64="Di84WBpoibAwqDyshyyZR+mnQ/s=">AAACBHicbVC7SgNBFJ2NrxhfUUubwSBYhV0RtAzaWEYwD8guYXYymwyZmV1n7gph2dZfsNXeTmz9D1u/xEmyhUk8cOFwzr2cywkTwQ247rdTWlvf2Nwqb1d2dvf2D6qHR20Tp5qyFo1FrLshMUxwxVrAQbBuohmRoWCdcHw79TtPTBseqweYJCyQZKh4xCkBKwV+KDMfRgxI3h/3qzW37s6AV4lXkBoq0OxXf/xBTFPJFFBBjOl5bgJBRjRwKlhe8VPDEkLHZMh6lioimQmy2dM5PrPKAEextqMAz9S/FxmRxkxkaDclgZFZ9qbif14vheg6yLhKUmCKzoOiVGCI8bQBPOCaURATSwjV3P6K6YhoQsH2tJASyrxiS/GWK1gl7Yu659a9+8ta46aop4xO0Ck6Rx66Qg10h5qohSh6RC/oFb05z8678+F8zldLTnFzjBbgfP0CrXeZAQ==</latexit>

�k
<latexit sha1_base64="Rg4rF63lJqEtryqo8BgoyNkQjMw=">AAACDnicbVDLSsNAFL2pr1pfVZduBovgQkoigi6LblxWsA9oYplMJu3QmSTMTIQS8g8u3epHuBO3/oLf4E84abPQ1gMXDuecy70cP+FMadv+siorq2vrG9XN2tb2zu5eff+gq+JUEtohMY9l38eKchbRjmaa034iKRY+pz1/clP4vUcqFYujez1NqCfwKGIhI1gb6cH1ReZyEw9wPpwM6w27ac+AlolTkgaUaA/r324Qk1TQSBOOlRo4dqK9DEvNCKd5zU0VTTCZ4BEdGBphQZWXzb7O0YlRAhTG0kyk0Uz9vZFhodRU+CYpsB6rRa8Q//MGqQ6vvIxFSappROaHwpQjHaOiAhQwSYnmU0Mwkcz8isgYS0y0KWrxSvGbOvNFXjPtOItdLJPuedOxm87dRaN1XfZUhSM4hlNw4BJacAtt6AABCc/wAq/Wk/VmvVsf82jFKncO4Q+szx/9qJ0j</latexit><latexit sha1_base64="Rg4rF63lJqEtryqo8BgoyNkQjMw=">AAACDnicbVDLSsNAFL2pr1pfVZduBovgQkoigi6LblxWsA9oYplMJu3QmSTMTIQS8g8u3epHuBO3/oLf4E84abPQ1gMXDuecy70cP+FMadv+siorq2vrG9XN2tb2zu5eff+gq+JUEtohMY9l38eKchbRjmaa034iKRY+pz1/clP4vUcqFYujez1NqCfwKGIhI1gb6cH1ReZyEw9wPpwM6w27ac+AlolTkgaUaA/r324Qk1TQSBOOlRo4dqK9DEvNCKd5zU0VTTCZ4BEdGBphQZWXzb7O0YlRAhTG0kyk0Uz9vZFhodRU+CYpsB6rRa8Q//MGqQ6vvIxFSappROaHwpQjHaOiAhQwSYnmU0Mwkcz8isgYS0y0KWrxSvGbOvNFXjPtOItdLJPuedOxm87dRaN1XfZUhSM4hlNw4BJacAtt6AABCc/wAq/Wk/VmvVsf82jFKncO4Q+szx/9qJ0j</latexit><latexit sha1_base64="Rg4rF63lJqEtryqo8BgoyNkQjMw=">AAACDnicbVDLSsNAFL2pr1pfVZduBovgQkoigi6LblxWsA9oYplMJu3QmSTMTIQS8g8u3epHuBO3/oLf4E84abPQ1gMXDuecy70cP+FMadv+siorq2vrG9XN2tb2zu5eff+gq+JUEtohMY9l38eKchbRjmaa034iKRY+pz1/clP4vUcqFYujez1NqCfwKGIhI1gb6cH1ReZyEw9wPpwM6w27ac+AlolTkgaUaA/r324Qk1TQSBOOlRo4dqK9DEvNCKd5zU0VTTCZ4BEdGBphQZWXzb7O0YlRAhTG0kyk0Uz9vZFhodRU+CYpsB6rRa8Q//MGqQ6vvIxFSappROaHwpQjHaOiAhQwSYnmU0Mwkcz8isgYS0y0KWrxSvGbOvNFXjPtOItdLJPuedOxm87dRaN1XfZUhSM4hlNw4BJacAtt6AABCc/wAq/Wk/VmvVsf82jFKncO4Q+szx/9qJ0j</latexit><latexit sha1_base64="Rg4rF63lJqEtryqo8BgoyNkQjMw=">AAACDnicbVDLSsNAFL2pr1pfVZduBovgQkoigi6LblxWsA9oYplMJu3QmSTMTIQS8g8u3epHuBO3/oLf4E84abPQ1gMXDuecy70cP+FMadv+siorq2vrG9XN2tb2zu5eff+gq+JUEtohMY9l38eKchbRjmaa034iKRY+pz1/clP4vUcqFYujez1NqCfwKGIhI1gb6cH1ReZyEw9wPpwM6w27ac+AlolTkgaUaA/r324Qk1TQSBOOlRo4dqK9DEvNCKd5zU0VTTCZ4BEdGBphQZWXzb7O0YlRAhTG0kyk0Uz9vZFhodRU+CYpsB6rRa8Q//MGqQ6vvIxFSappROaHwpQjHaOiAhQwSYnmU0Mwkcz8isgYS0y0KWrxSvGbOvNFXjPtOItdLJPuedOxm87dRaN1XfZUhSM4hlNw4BJacAtt6AABCc/wAq/Wk/VmvVsf82jFKncO4Q+szx/9qJ0j</latexit>

Fig. 3: (left) Depicts template for the explainer model, modeled as a
topic model. The white and gray circles represent latent and observed
random variables and the arrows show conditional dependencies.
(right) The PGM showing the variational approximation Q′ to the
explainer model with subject-level representation ts injected into the
estimate for q(ts).

D. Inference of Disease Related Posterior Explainer

We propose to account for the disease relevant information
in the approximation to the posterior distribution of the latent
variables. Assuming that ts is informative to the prediction of
disease severity, it should be incorporated into our approxima-
tion. First, we explain the classical approach, and then explain
our method to incorporate ts.

Variational Bayes Approximate of the Posterior: We seek
the true posterior distribution of the model parameters,

p(S,P|D) =
p(D,S,P)∫

p(D,S,P)dSdP . (7)

Exact computation of the posterior quantities is computation-
ally intractable since the denominator is hard to compute.
Therefore, Variational Bayes [37], [38] approximates the pos-
terior by maximizing the so-called Evidence Lower Bound
(ELBO) with respect to q,

max
q∈Q
L(q), L(q) , Eq [ln p(D,S,P)]− Eq [ln q(S,P)] ,

where q ∈ Q is an approximate distribution from the family
of computationally efficient probability densities Q. As it is
common in mean-field variational inference [37]–[40], we
assume the following form for the approximate posterior, q(·),

Q : q(S,P) = q(β;β∗)
∏

s

q(πs;ωs)

︸ ︷︷ ︸
subject-level

∏

s,n

q(zsn;ϕsn)

︸ ︷︷ ︸
spatial level

∏

k

q(θk;λk)

︸ ︷︷ ︸
population-level

, (8)

where β∗, ϕsn, λk, and ωs are the variational parameters
corresponding to the random variables β, zsn, θk, and πs
respectively. We use the variational parameters of the ap-
proximating distribution q(S,P) to construct estimates of
the relevant model parameters. Specifically, we seek (1) the
posterior distribution of θk’s as the image descriptors of
each subtype (topic) which is on the population-level, (2) the
posterior distribution of πs as the proportion of subtypes per
subject which is on the subject-level and (3) the posterior
distribution of zs,. that visualizes the spatial distribution of
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the subtypes within the lung of patient s which is a spatial
level. The exact parametric form for each term is given in
Appendix B.

Injecting Discriminative Features into Posterior: In the
previous sections, we described the standard topic model con-
struction and the corresponding family of variational distribu-
tions used to approximate the posterior of the latent variables
in the model. As mentioned at the beginning of this section,
we also want the explainer model to be informed by features
that are known to be highly predictive of disease severity.
Thus our goal is to define a new family of approximating
posterior distributions, Q′, that is as discriminative as the
predictive model. To do that, we use ts, the subject specific
representation, to encode the subject-level latent variable. In
other words, we use ts to parameterize q(πs),

Q′ : q(S,P) = q(β;β∗)
∏

s

∗︷ ︸︸ ︷
q(πs|ts;W )

∏

s,n

q(zsn;ϕsn)

×
∏

k

q(θk;λk), (9)

where W = {Wσ,Wµ} is a new parametrization of the
latent variables πs. Note that whereas before we had different
variational parameters ωs for each subject, we now have one
set of parameters W shared across all subjects. The marginal
distribution q(πs) is a natural part of the topic model to
introduce ts because πs is a subject level characterization of
the topics and ts characterizes the subject with respect to the
rest of the population.

We model q(πs) implicitly by sampling from a Gaussian
distribution and passing the samples through a function to
normalize them to a simplex (i.e.,

∑
k[πs]k = 1). Similar

to the idea of a Variational Autoencoder (VAE) [41], we
parameterize the mean and the variance of the Gaussian by
a neural network. However, instead of inputting the original
image, we use the subject-level representation, ts, as input:

ε ∼ N (0, IK×K)

ψs = µ(ts;Wµ) + ε� σ(ts;Wσ)

πs = hSB(ψs), (10)

where µ(ts;Wµ) and σ(ts;Wσ) are neural networks com-
puting the mean and variance vector of ψs, respectively. The
hSB(·) is a function transforming the unbounded values of ψs
drawn from a Gaussian distribution to a random variable on a
simplex, i.e., hSB : RK → ∆K . Many choices are possible for
hSB(·), such as the softmax function. However, computing the
probability density of the transformed random variable is not
always straightforward. Here, we choose the following form
that enables us to have a closed-form probability density for
πs [42],

hSB(ψs) : πsk = σ(ψsk)(1− ∑
j<k

πsj). (11)

The πs, which is the result of a change of variable, has the
following probability density,

q(πs|ts;W ) = N (ε; 0, diag(σ2))

∣∣∣∣
{
∂[πs]i
∂[ψs]j

}∣∣∣∣
−1

, (12)
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<latexit sha1_base64="DQw6N719avh3ZK0I5TzFdlD3Fis=">AAACAHicbVC7SgNBFL3rM8ZX1NJmMAoWEnZttAzaCDYRzEOSJcxOZpMhM7PLzKwQlm38BVvt7cTGwsrfsPUf7J08CpN44MLhnHu5954g5kwb1/1yFhaXlldWc2v59Y3Nre3Czm5NR4kitEoiHqlGgDXlTNKqYYbTRqwoFgGn9aB/OfTr91RpFslbM4ipL3BXspARbKx014pZO9Un11m7UHRL7ghonngTUiwf/rx/AkClXfhudSKSCCoN4VjrpufGxk+xMoxwmuVbiaYxJn3cpU1LJRZU++no4AwdWaWDwkjZkgaN1L8TKRZaD0RgOwU2PT3rDcX/vGZiwnM/ZTJODJVkvChMODIRGn6POkxRYvjAEkwUs7ci0sMKE2MzmtoSiCxvQ/FmI5gntdOS55a8G5vOBYyRg304gGPw4AzKcAUVqAIBAY/wBM/Og/PivDpv49YFZzKzB1NwPn4B+diZuw==</latexit><latexit sha1_base64="ifn8kJA4Q1rxbeKA9sTjDYagtOs=">AAACAHicbVC7SgNBFL0bXzHxEbW0GYyChYRdGy2DNoJNBPOQZAmzk9lkyMzuMjMbCMs2/oKt9nZiY2HrV9j6D1o7eRQm8cCFwzn3cu89XsSZ0rb9aWWWlldW17LrufzG5tZ2YWe3psJYElolIQ9lw8OKchbQqmaa00YkKRYep3Wvfzny6wMqFQuDWz2MqCtwN2A+I1gb6a4VsXaiTq7TdqFol+wx0CJxpqRYPvx++xjkfyrtwlerE5JY0EATjpVqOnak3QRLzQinaa4VKxph0sdd2jQ0wIIqNxkfnKIjo3SQH0pTgUZj9e9EgoVSQ+GZToF1T817I/E/rxlr/9xNWBDFmgZkssiPOdIhGn2POkxSovnQEEwkM7ci0sMSE20ymtniiTRnQnHmI1gktdOSY5ecG5POBUyQhX04gGNw4AzKcAUVqAIBAQ/wCE/WvfVsvVivk9aMNZ3ZgxlY778KJ5s1</latexit><latexit sha1_base64="ifn8kJA4Q1rxbeKA9sTjDYagtOs=">AAACAHicbVC7SgNBFL0bXzHxEbW0GYyChYRdGy2DNoJNBPOQZAmzk9lkyMzuMjMbCMs2/oKt9nZiY2HrV9j6D1o7eRQm8cCFwzn3cu89XsSZ0rb9aWWWlldW17LrufzG5tZ2YWe3psJYElolIQ9lw8OKchbQqmaa00YkKRYep3Wvfzny6wMqFQuDWz2MqCtwN2A+I1gb6a4VsXaiTq7TdqFol+wx0CJxpqRYPvx++xjkfyrtwlerE5JY0EATjpVqOnak3QRLzQinaa4VKxph0sdd2jQ0wIIqNxkfnKIjo3SQH0pTgUZj9e9EgoVSQ+GZToF1T817I/E/rxlr/9xNWBDFmgZkssiPOdIhGn2POkxSovnQEEwkM7ci0sMSE20ymtniiTRnQnHmI1gktdOSY5ecG5POBUyQhX04gGNw4AzKcAUVqAIBAQ/wCE/WvfVsvVivk9aMNZ3ZgxlY778KJ5s1</latexit><latexit sha1_base64="z+utHDaFJh6bmaqI+TCONURNEAM=">AAACAHicbVA9SwNBEJ2LXzF+RS1tFoNgIeHOJpZBG8EmgvmQ5Ah7m71kye7esbsnhOMa/4Kt9nZi6z+x9Ze4Sa4wiQ8GHu/NMDMviDnTxnW/ncLa+sbmVnG7tLO7t39QPjxq6ShRhDZJxCPVCbCmnEnaNMxw2okVxSLgtB2Mb6Z++4kqzSL5YCYx9QUeShYygo2VHnsx66f64i7rlytu1Z0BrRIvJxXI0eiXf3qDiCSCSkM41rrrubHxU6wMI5xmpV6iaYzJGA9p11KJBdV+Ojs4Q2dWGaAwUrakQTP170SKhdYTEdhOgc1IL3tT8T+vm5jwyk+ZjBNDJZkvChOOTISm36MBU5QYPrEEE8XsrYiMsMLE2IwWtgQiK9lQvOUIVknrsuq5Ve/erdSv83iKcAKncA4e1KAOt9CAJhAQ8AKv8OY8O+/Oh/M5by04+cwxLMD5+gUCh5bs</latexit>· · ·<latexit sha1_base64="g/7svAIi8YFitJVRZ5IgQ2VGOP4=">AAAB/XicbVC7SgNBFL3rM66vqKXNYhCswq6NNmLQxjKCeUCyhNnZ2WTMPJaZWSEsQT/BVns7sfUT/AZbv8TJozCJBy4czrmXe++JUka18f1vZ2l5ZXVtvbDhbm5t7+wW9/brWmYKkxqWTKpmhDRhVJCaoYaRZqoI4hEjjah/PfIbD0RpKsWdGaQk5KgraEIxMlaqt3Esje4US37ZH8NbJMGUlC6/3IsnAKh2ij/tWOKME2EwQ1q3Aj81YY6UoZiRodvONEkR7qMuaVkqECc6zMfXDr1jq8ReIpUtYbyx+nciR1zrAY9sJ0emp+e9kfif18pMch7mVKSZIQJPFiUZ84z0Rq97MVUEGzawBGFF7a0e7iGFsLEBzWyJ+NC1oQTzESyS+mk58MvBrV+qXMEEBTiEIziBAM6gAjdQhRpguIdneIFX59F5c96dj0nrkjOdOYAZOJ+/h9qXng==</latexit><latexit sha1_base64="P3AGvgmaEEz8kgMV665k5faY/NM=">AAAB/XicbVC7SgNBFL0bX3F9RS1tFoNgFXZttBGDNpYRzAOSEGZnZ5Mx81hmZoWwBH/BVluxE1s/wU8QW7/EyaMwiQcuHM65l3vvCRNGtfH9bye3tLyyupZfdzc2t7Z3Crt7NS1ThUkVSyZVI0SaMCpI1VDDSCNRBPGQkXrYvxr59XuiNJXi1gwS0uaoK2hMMTJWqrVwJI3uFIp+yR/DWyTBlBQvPt3z5OXLrXQKP61I4pQTYTBDWjcDPzHtDClDMSNDt5VqkiDcR13StFQgTnQ7G1879I6sEnmxVLaE8cbq34kMca0HPLSdHJmenvdG4n9eMzXxWTujIkkNEXiyKE6ZZ6Q3et2LqCLYsIElCCtqb/VwDymEjQ1oZkvIh64NJZiPYJHUTkqBXwpu/GL5EibIwwEcwjEEcApluIYKVAHDHTzCEzw7D86r8+a8T1pzznRmH2bgfPwCkKmZEg==</latexit><latexit sha1_base64="P3AGvgmaEEz8kgMV665k5faY/NM=">AAAB/XicbVC7SgNBFL0bX3F9RS1tFoNgFXZttBGDNpYRzAOSEGZnZ5Mx81hmZoWwBH/BVluxE1s/wU8QW7/EyaMwiQcuHM65l3vvCRNGtfH9bye3tLyyupZfdzc2t7Z3Crt7NS1ThUkVSyZVI0SaMCpI1VDDSCNRBPGQkXrYvxr59XuiNJXi1gwS0uaoK2hMMTJWqrVwJI3uFIp+yR/DWyTBlBQvPt3z5OXLrXQKP61I4pQTYTBDWjcDPzHtDClDMSNDt5VqkiDcR13StFQgTnQ7G1879I6sEnmxVLaE8cbq34kMca0HPLSdHJmenvdG4n9eMzXxWTujIkkNEXiyKE6ZZ6Q3et2LqCLYsIElCCtqb/VwDymEjQ1oZkvIh64NJZiPYJHUTkqBXwpu/GL5EibIwwEcwjEEcApluIYKVAHDHTzCEzw7D86r8+a8T1pzznRmH2bgfPwCkKmZEg==</latexit><latexit sha1_base64="HecKAk8F5PCMlQSqu9iCv+w4ZGk=">AAAB/XicbVC7SgNBFJ31GeMramkzGASrsGujZdDGMoJ5QLKE2dnZZMw8lpm7QliCv2CrvZ3Y+i22fomTZAuTeODC4Zx7ufeeKBXcgu9/e2vrG5tb26Wd8u7e/sFh5ei4ZXVmKGtSLbTpRMQywRVrAgfBOqlhREaCtaPR7dRvPzFjuVYPME5ZKMlA8YRTAk5q9WiswfYrVb/mz4BXSVCQKirQ6Fd+erGmmWQKqCDWdgM/hTAnBjgVbFLuZZalhI7IgHUdVUQyG+azayf43CkxTrRxpQDP1L8TOZHWjmXkOiWBoV32puJ/XjeD5DrMuUozYIrOFyWZwKDx9HUcc8MoiLEjhBrubsV0SAyh4AJa2BLJSdmFEixHsEpal7XArwX3frV+U8RTQqfoDF2gAF2hOrpDDdREFD2iF/SK3rxn79378D7nrWteMXOCFuB9/QL7w5XR</latexit>

ts
<latexit sha1_base64="hiTia9gjL7stmpd6xeDtYSt99vQ=">AAAB/3icbVA9SwNBEJ2LXzF+RQUbm8MgWIU7Gy2DNpYJmA9Ijri32UuW7O4du3NCOFL4F2y1txNbf4qNhb/EzUdhEh8MPN6bYWZemAhu0PO+nNza+sbmVn67sLO7t39QPDxqmDjVlNVpLGLdColhgitWR46CtRLNiAwFa4bD24nffGTa8Fjd4yhhgSR9xSNOCVqp1QllhuOu6RZLXtmbwl0l/pyUKie17wcAqHaLP51eTFPJFFJBjGn7XoJBRjRyKti40EkNSwgdkj5rW6qIZCbIpveO3XOr9Nwo1rYUulP170RGpDEjGdpOSXBglr2J+J/XTjG6DjKukhSZorNFUSpcjN3J826Pa0ZRjCwhVHN7q0sHRBOKNqKFLaEcF2wo/nIEq6RxWfa9sl+z6dzADHk4hTO4AB+uoAJ3UIU6UBDwDC/w6jw5b8678zFrzTnzmWNYgPP5C3NSmLo=</latexit><latexit sha1_base64="Lkzayy/4cbaqK/QL5ZvM68mwuXs=">AAAB/3icbVC7SgNBFJ2NrxhfUcHGZjAIVmHXRssQG8sEzAOSJcxOZpMhM7PLzF0hLFv4C7baWym29v6EjYVf4uRRmMQDFw7n3Mu99wSx4AZc98vJra1vbG7ltws7u3v7B8XDo6aJEk1Zg0Yi0u2AGCa4Yg3gIFg71ozIQLBWMLqZ+K17pg2P1B2MY+ZLMlA85JSAldrdQKaQ9UyvWHLL7hR4lXhzUqqc1L/5a/Wz1iv+dPsRTSRTQAUxpuO5Mfgp0cCpYFmhmxgWEzoiA9axVBHJjJ9O783wuVX6OIy0LQV4qv6dSIk0ZiwD2ykJDM2yNxH/8zoJhNd+ylWcAFN0tihMBIYIT57Hfa4ZBTG2hFDN7a2YDokmFGxEC1sCmRVsKN5yBKukeVn23LJXt+lU0Qx5dIrO0AXy0BWqoFtUQw1EkUCP6Ak9Ow/Oi/PmvM9ac8585hgtwPn4BeBTmnY=</latexit><latexit sha1_base64="Lkzayy/4cbaqK/QL5ZvM68mwuXs=">AAAB/3icbVC7SgNBFJ2NrxhfUcHGZjAIVmHXRssQG8sEzAOSJcxOZpMhM7PLzF0hLFv4C7baWym29v6EjYVf4uRRmMQDFw7n3Mu99wSx4AZc98vJra1vbG7ltws7u3v7B8XDo6aJEk1Zg0Yi0u2AGCa4Yg3gIFg71ozIQLBWMLqZ+K17pg2P1B2MY+ZLMlA85JSAldrdQKaQ9UyvWHLL7hR4lXhzUqqc1L/5a/Wz1iv+dPsRTSRTQAUxpuO5Mfgp0cCpYFmhmxgWEzoiA9axVBHJjJ9O783wuVX6OIy0LQV4qv6dSIk0ZiwD2ykJDM2yNxH/8zoJhNd+ylWcAFN0tihMBIYIT57Hfa4ZBTG2hFDN7a2YDokmFGxEC1sCmRVsKN5yBKukeVn23LJXt+lU0Qx5dIrO0AXy0BWqoFtUQw1EkUCP6Ak9Ow/Oi/PmvM9ac8585hgtwPn4BeBTmnY=</latexit><latexit sha1_base64="IkHjDpmGP2XM2bnN8KuPtauuubA=">AAAB/3icbVA9SwNBEJ2LXzF+RS1tDoNgFe5stAzaWEYwH5AcYW+zlyzZ3Tt254RwXOFfsNXeTmz9Kbb+EjfJFSbxwcDjvRlm5oWJ4AY979spbWxube+Udyt7+weHR9Xjk7aJU01Zi8Yi1t2QGCa4Yi3kKFg30YzIULBOOLmb+Z0npg2P1SNOExZIMlI84pSglbr9UGaYD8ygWvPq3hzuOvELUoMCzUH1pz+MaSqZQiqIMT3fSzDIiEZOBcsr/dSwhNAJGbGepYpIZoJsfm/uXlhl6EaxtqXQnat/JzIijZnK0HZKgmOz6s3E/7xeitFNkHGVpMgUXSyKUuFi7M6ed4dcM4piagmhmttbXTommlC0ES1tCWVesaH4qxGsk/ZV3ffq/oNXa9wW8ZThDM7hEny4hgbcQxNaQEHAC7zCm/PsvDsfzueiteQUM6ewBOfrF8ZbltU=</latexit>

b�KTH2
<latexit sha1_base64="yaIRn/tlhzEphC38QrKJykb5NwE=">AAACBnicbVC7SgNBFL0bXzG+opY2i0GwkLCbRsugjWUE84BkCbOTu8mYmdllZlYIIb2lrX6Endj6G36DP+FssoUmHhg4nHMv98wJE8608bwvp7C2vrG5Vdwu7ezu7R+UD49aOk4VxSaNeaw6IdHImcSmYYZjJ1FIRMixHY5vMr/9iEqzWN6bSYKBIEPJIkaJsVJLE5Fw7JcrXtWbw10lfk4qkKPRL3/3BjFNBUpDOdG663uJCaZEGUY5zkq9VGNC6JgMsWupJAJ1MJ2nnblnVhm4Uazsk8adq783pkRoPRGhnRTEjPSyl4n/ed3URFfBlMkkNSjp4lCUctfEbvZ1d8AUUsMnlhCqmM3q0hFRhBpb0PKVLJu+CMWsZNvxl7tYJa1a1feq/l2tUr/OeyrCCZzCOfhwCXW4hQY0gcIDPMMLvDpPzpvz7nwsRgtOvnMMf+B8/gCehJmp</latexit><latexit sha1_base64="yaIRn/tlhzEphC38QrKJykb5NwE=">AAACBnicbVC7SgNBFL0bXzG+opY2i0GwkLCbRsugjWUE84BkCbOTu8mYmdllZlYIIb2lrX6Endj6G36DP+FssoUmHhg4nHMv98wJE8608bwvp7C2vrG5Vdwu7ezu7R+UD49aOk4VxSaNeaw6IdHImcSmYYZjJ1FIRMixHY5vMr/9iEqzWN6bSYKBIEPJIkaJsVJLE5Fw7JcrXtWbw10lfk4qkKPRL3/3BjFNBUpDOdG663uJCaZEGUY5zkq9VGNC6JgMsWupJAJ1MJ2nnblnVhm4Uazsk8adq783pkRoPRGhnRTEjPSyl4n/ed3URFfBlMkkNSjp4lCUctfEbvZ1d8AUUsMnlhCqmM3q0hFRhBpb0PKVLJu+CMWsZNvxl7tYJa1a1feq/l2tUr/OeyrCCZzCOfhwCXW4hQY0gcIDPMMLvDpPzpvz7nwsRgtOvnMMf+B8/gCehJmp</latexit><latexit sha1_base64="yaIRn/tlhzEphC38QrKJykb5NwE=">AAACBnicbVC7SgNBFL0bXzG+opY2i0GwkLCbRsugjWUE84BkCbOTu8mYmdllZlYIIb2lrX6Endj6G36DP+FssoUmHhg4nHMv98wJE8608bwvp7C2vrG5Vdwu7ezu7R+UD49aOk4VxSaNeaw6IdHImcSmYYZjJ1FIRMixHY5vMr/9iEqzWN6bSYKBIEPJIkaJsVJLE5Fw7JcrXtWbw10lfk4qkKPRL3/3BjFNBUpDOdG663uJCaZEGUY5zkq9VGNC6JgMsWupJAJ1MJ2nnblnVhm4Uazsk8adq783pkRoPRGhnRTEjPSyl4n/ed3URFfBlMkkNSjp4lCUctfEbvZ1d8AUUsMnlhCqmM3q0hFRhBpb0PKVLJu+CMWsZNvxl7tYJa1a1feq/l2tUr/OeyrCCZzCOfhwCXW4hQY0gcIDPMMLvDpPzpvz7nwsRgtOvnMMf+B8/gCehJmp</latexit><latexit sha1_base64="yaIRn/tlhzEphC38QrKJykb5NwE=">AAACBnicbVC7SgNBFL0bXzG+opY2i0GwkLCbRsugjWUE84BkCbOTu8mYmdllZlYIIb2lrX6Endj6G36DP+FssoUmHhg4nHMv98wJE8608bwvp7C2vrG5Vdwu7ezu7R+UD49aOk4VxSaNeaw6IdHImcSmYYZjJ1FIRMixHY5vMr/9iEqzWN6bSYKBIEPJIkaJsVJLE5Fw7JcrXtWbw10lfk4qkKPRL3/3BjFNBUpDOdG663uJCaZEGUY5zkq9VGNC6JgMsWupJAJ1MJ2nnblnVhm4Uazsk8adq783pkRoPRGhnRTEjPSyl4n/ed3URFfBlMkkNSjp4lCUctfEbvZ1d8AUUsMnlhCqmM3q0hFRhBpb0PKVLJu+CMWsZNvxl7tYJa1a1feq/l2tUr/OeyrCCZzCOfhwCXW4hQY0gcIDPMMLvDpPzpvz7nwsRgtOvnMMf+B8/gCehJmp</latexit>

biB+F #`2�FBM;
<latexit sha1_base64="PRz215DdAtVFN7HlIBeRcJ4C6sg=">AAACDnicbVC7TsMwFL0pr1JeBUYWiwqJAVVJFxgrWBiLRB9SGyrHdVorthPZDlIV9R8YWeEj2BArv8A38BM4bQZoOZKlo3Pu9T06QcKZNq775ZTW1jc2t8rblZ3dvf2D6uFRR8epIrRNYh6rXoA15UzStmGG016iKBYBp90gusn97iNVmsXy3kwT6gs8lixkBBsrPWjDSIQCuxExOR5Wa27dnQOtEq8gNSjQGla/B6OYpIJKQzjWuu+5ifEzrOy3nM4qg1TTBJMIj2nfUokF1X42Tz1DZ1YZoTBW9kmD5urvjQwLracisJMCm4le9nLxP6+fmvDKz5hMUkMlWRwKU45MjPIK0IgpSgyfWoKJYjYrIhOsMDG2qOUreTZ9EYhZxbbjLXexSjqNuufWvbtGrXld9FSGEziFc/DgEppwCy1oAwEFz/ACr86T8+a8Ox+L0ZJT7BzDHzifP7oenPg=</latexit><latexit sha1_base64="PRz215DdAtVFN7HlIBeRcJ4C6sg=">AAACDnicbVC7TsMwFL0pr1JeBUYWiwqJAVVJFxgrWBiLRB9SGyrHdVorthPZDlIV9R8YWeEj2BArv8A38BM4bQZoOZKlo3Pu9T06QcKZNq775ZTW1jc2t8rblZ3dvf2D6uFRR8epIrRNYh6rXoA15UzStmGG016iKBYBp90gusn97iNVmsXy3kwT6gs8lixkBBsrPWjDSIQCuxExOR5Wa27dnQOtEq8gNSjQGla/B6OYpIJKQzjWuu+5ifEzrOy3nM4qg1TTBJMIj2nfUokF1X42Tz1DZ1YZoTBW9kmD5urvjQwLracisJMCm4le9nLxP6+fmvDKz5hMUkMlWRwKU45MjPIK0IgpSgyfWoKJYjYrIhOsMDG2qOUreTZ9EYhZxbbjLXexSjqNuufWvbtGrXld9FSGEziFc/DgEppwCy1oAwEFz/ACr86T8+a8Ox+L0ZJT7BzDHzifP7oenPg=</latexit><latexit sha1_base64="PRz215DdAtVFN7HlIBeRcJ4C6sg=">AAACDnicbVC7TsMwFL0pr1JeBUYWiwqJAVVJFxgrWBiLRB9SGyrHdVorthPZDlIV9R8YWeEj2BArv8A38BM4bQZoOZKlo3Pu9T06QcKZNq775ZTW1jc2t8rblZ3dvf2D6uFRR8epIrRNYh6rXoA15UzStmGG016iKBYBp90gusn97iNVmsXy3kwT6gs8lixkBBsrPWjDSIQCuxExOR5Wa27dnQOtEq8gNSjQGla/B6OYpIJKQzjWuu+5ifEzrOy3nM4qg1TTBJMIj2nfUokF1X42Tz1DZ1YZoTBW9kmD5urvjQwLracisJMCm4le9nLxP6+fmvDKz5hMUkMlWRwKU45MjPIK0IgpSgyfWoKJYjYrIhOsMDG2qOUreTZ9EYhZxbbjLXexSjqNuufWvbtGrXld9FSGEziFc/DgEppwCy1oAwEFz/ACr86T8+a8Ox+L0ZJT7BzDHzifP7oenPg=</latexit><latexit sha1_base64="PRz215DdAtVFN7HlIBeRcJ4C6sg=">AAACDnicbVC7TsMwFL0pr1JeBUYWiwqJAVVJFxgrWBiLRB9SGyrHdVorthPZDlIV9R8YWeEj2BArv8A38BM4bQZoOZKlo3Pu9T06QcKZNq775ZTW1jc2t8rblZ3dvf2D6uFRR8epIrRNYh6rXoA15UzStmGG016iKBYBp90gusn97iNVmsXy3kwT6gs8lixkBBsrPWjDSIQCuxExOR5Wa27dnQOtEq8gNSjQGla/B6OYpIJKQzjWuu+5ifEzrOy3nM4qg1TTBJMIj2nfUokF1X42Tz1DZ1YZoTBW9kmD5urvjQwLracisJMCm4le9nLxP6+fmvDKz5hMUkMlWRwKU45MjPIK0IgpSgyfWoKJYjYrIhOsMDG2qOUreTZ9EYhZxbbjLXexSjqNuufWvbtGrXld9FSGEziFc/DgEppwCy1oAwEFz/ACr86T8+a8Ox+L0ZJT7BzDHzifP7oenPg=</latexit>

ψs
<latexit sha1_base64="k8Y6gAHL/F+5PrGQu5n65Bfm0g4=">AAACC3icbVDLSsNAFL2pr1pfVZe6CBbBhZTEjS6LblxWsLXQhDKZTtqh8wgzE6GEfIJLt/oR7sStH+E3+BNO0i609cDA4Zx7uWdOlDCqjed9OZWV1bX1jepmbWt7Z3evvn/Q1TJVmHSwZFL1IqQJo4J0DDWM9BJFEI8YeYgmN4X/8EiUplLcm2lCQo5GgsYUI2OlfhDxLEg0zQd6UG94Ta+Eu0z8OWm0jqFEe1D/DoYSp5wIgxnSuu97iQkzpAzFjOS1INUkQXiCRqRvqUCc6DArI+fuqVWGbiyVfcK4pfp7I0Nc6ymP7CRHZqwXvUL8z+unJr4KMyqS1BCBZ4filLlGusX/3SFVBBs2tQRhRW1WF4+RQtjYlhavFNn0ecTzmm3HX+ximXQvmr7X9O9sTdezmqAKR3ACZ+DDJbTgFtrQAQwSnuEFXp0n5815dz5moxVnvnMIf+B8/gBTFpxQ</latexit><latexit sha1_base64="k8Y6gAHL/F+5PrGQu5n65Bfm0g4=">AAACC3icbVDLSsNAFL2pr1pfVZe6CBbBhZTEjS6LblxWsLXQhDKZTtqh8wgzE6GEfIJLt/oR7sStH+E3+BNO0i609cDA4Zx7uWdOlDCqjed9OZWV1bX1jepmbWt7Z3evvn/Q1TJVmHSwZFL1IqQJo4J0DDWM9BJFEI8YeYgmN4X/8EiUplLcm2lCQo5GgsYUI2OlfhDxLEg0zQd6UG94Ta+Eu0z8OWm0jqFEe1D/DoYSp5wIgxnSuu97iQkzpAzFjOS1INUkQXiCRqRvqUCc6DArI+fuqVWGbiyVfcK4pfp7I0Nc6ymP7CRHZqwXvUL8z+unJr4KMyqS1BCBZ4filLlGusX/3SFVBBs2tQRhRW1WF4+RQtjYlhavFNn0ecTzmm3HX+ximXQvmr7X9O9sTdezmqAKR3ACZ+DDJbTgFtrQAQwSnuEFXp0n5815dz5moxVnvnMIf+B8/gBTFpxQ</latexit><latexit sha1_base64="k8Y6gAHL/F+5PrGQu5n65Bfm0g4=">AAACC3icbVDLSsNAFL2pr1pfVZe6CBbBhZTEjS6LblxWsLXQhDKZTtqh8wgzE6GEfIJLt/oR7sStH+E3+BNO0i609cDA4Zx7uWdOlDCqjed9OZWV1bX1jepmbWt7Z3evvn/Q1TJVmHSwZFL1IqQJo4J0DDWM9BJFEI8YeYgmN4X/8EiUplLcm2lCQo5GgsYUI2OlfhDxLEg0zQd6UG94Ta+Eu0z8OWm0jqFEe1D/DoYSp5wIgxnSuu97iQkzpAzFjOS1INUkQXiCRqRvqUCc6DArI+fuqVWGbiyVfcK4pfp7I0Nc6ymP7CRHZqwXvUL8z+unJr4KMyqS1BCBZ4filLlGusX/3SFVBBs2tQRhRW1WF4+RQtjYlhavFNn0ecTzmm3HX+ximXQvmr7X9O9sTdezmqAKR3ACZ+DDJbTgFtrQAQwSnuEFXp0n5815dz5moxVnvnMIf+B8/gBTFpxQ</latexit><latexit sha1_base64="kxLmP8WSdhfaPGl1OqpQsvsvgMI=">AAACC3icbVC7TsMwFL0pr1JeBUYWiwqJAVUJC4wVLIxFog8piSrHdVqrdhzZDlIV9RMYWeEj2BArH8E38BM4bQZoOZKlo3Pu1T0+UcqZNq775VTW1jc2t6rbtZ3dvf2D+uFRV8tMEdohkkvVj7CmnCW0Y5jhtJ8qikXEaS+a3BZ+75EqzWTyYKYpDQUeJSxmBBsr+UEk8iDVbDbQg3rDbbpzoFXilaQBJdqD+ncwlCQTNDGEY619z01NmGNlGOF0VgsyTVNMJnhEfUsTLKgO83nkGTqzyhDFUtmXGDRXf2/kWGg9FZGdFNiM9bJXiP95fmbi6zBnSZoZmpDFoTjjyEhU/B8NmaLE8KklmChmsyIyxgoTY1tavlJk0xeRmNVsO95yF6uke9n03KZ37zZaN2VPVTiBUzgHD66gBXfQhg4QkPAML/DqPDlvzrvzsRitOOXOMfyB8/kDzReb9A==</latexit>

✏ ⇠ N(0, diag(�2
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Fig. 4: Schematic showing how the topic proportions (πs) are
constructed as a function of the subject-level features ts. Learned
functions µ(·) and σ(·) are neural network parameterized byWµ and
Wσ respectively. The stick-breaking constructions of πs normalizes
ψs.

where
∣∣∣
{
∂[πs]i
∂[ψs]j

}∣∣∣ is the determinant of the Jacobian which is
easily computable (see Appendix B). This is a computation-
ally appealing property for our optimization-based inference
because we can easily plug it into the factorization in Eq. 9.
The schematic is shown in Fig.4.

Similar to the classical model in Eq. 8, the parameters of
this model are learned by maximizing the ELBO. All updates
have a similar form as before except Wµ and Wσ , for which
we use stochastic gradient descent (see Appendix B for more
details).

III. EXPERIMENTS

In this section, we evaluate the proposed method for lung
tissue subtyping on a large-scale dataset from the COPDGene
study [43]. First, we evaluate our discriminative model by
predicting a few clinical measurements that are indicative of
disease severity. We will explain and justify our choices of the
feature extractor, f(·), and aggregator g(·). Then, we compare
the predictive power of our explainer model, that can exploit
the discriminative information used by the predictive model,
with that of an unsupervised model. We use topic modeling
as the unsupervised model since that is the template for the
explainer. Finally, we visualize the subtypes on the subject
and population-level and explain the clinical interpretation of
each subtype. We further justify the discovered subtypes by
studying the genetic heritability of each subtype.

A. Setup

a) Feature Extractor: We apply our method to lung
CT inspiratory images of 7,292 subjects from the COPDGene
study [43]. We first oversegment the lung volume into spatially
homogeneous regions that align with image boundaries using
the SLIC superpixel segmentation algorithm [44]. For each
3D superpixel, intensity histogram and texture based local
image features are extracted, as has been shown to be im-
portant in characterizing emphysema [45], [46]. We compute
Haralick features (Hara) from the Gray-Level Cooccurance
Matrix (GLCM) that encode image texture but also incorporate
intensity [47]. We also separately compute 32-bin intensity
histogram features (Hist) for each superpixel, following
Sorensen et al. [46]. For an alternate texture feature, we use
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(a) (b)

Fig. 5: (a) Odd Rows: Pearson correlation between load of subtype and FEV1. The x- and y-axis are the load of the subtype and FEV1

respectively. Even Rows: Visualization of spatial average of the learned subtypes across the population shown on a coronal slice of a lung
atlas. (b) Subtypes 1, 2, and 8 depicted on a set of nine patients. Subtypes 1 and 2 are correlated with increase in severity of COPD (negatively
correlated with FEV1), whereas subtype 8 appears to be healthy tissue (positively correlated with FEV1).

a rotationally invariant descriptor proposed by Liu et al. [48]
which computes the histogram of gradients of pixels belonging
to a superpixel on a unit sphere using spherical harmonics; we
refer to it as sHOG.

The aggregation function, g(·), constructs subject-level fea-
tures from the local image features which has the following
steps (described in Sec. II-B): (1) we use a non-parametric
estimate of the Kullback Leibler divergence (KL), (2) we
symmetrize the KL matrix and projection it on the PSD
cone, then (3) apply the Cholesky factorization and use the
Locally Linear Embedding (LLE) method [33] to reduce the
dimensionality of the factors to a 100-dimensional subject-
level feature (i.e., ts).

We compare the predictive performance of ts with two
baselines. First, Low Attenuation Area below Hounsfield Unit
of −950 on Inspiration CT image (%LAA-950Insp) which is
commonly used as a clinical measure of emphysema. Second,
a subject-level representation learned by a traditional bag-of-
words (BOW) model which is the K−means algorithm, setting
K = 100 to make it comparable with our representation.

b) Initialization of Template and Explainer Models: To
initialize the parameters of the NIW distribution, {θk}Kk=1, in
the template and explainer models, we ran unsupervised hier-
archical clustering [49] on local image features extracted from
supervoxels of the training set. The hierarchical clustering cut-
off threshold was set to match the number of tissue subtypes
K. Each subtype distribution was subsequently initialized
with the sufficient statistics computed from the corresponding
cluster.

c) Evaluation Metric: To evaluate our subject-level rep-
resentation objectively, we use the representation to predict a
few clinical variables that are indicative of disease severity.
We compare the performance with that of BOW and %LAA-

950Insp. More specifically, we use the following measure-
ments:
• Percent Predicted Forced Expiratory Volume in one sec-

ond (FEV1 PP): A measure of lung function which is
the percentage of normal predicted values of FEV1 for
individuals in the population with similar age, height,
weight, gender and ethnicity. Lower values indicate more
severe disease.

• Ratio of FEV1 to Forced Vital Capacity (FEV1/FVC):
Forced Vital Capacity (FVC) is the total amount of air an
individual can exhale forcefully after taking the deepest
breath possible. This ratio represents the proportion of
an individual’s vital capacity that they can breathe out in
one second.

• Global Initiative for Obstructive Lung Disease (GOLD):
GOLD is a discrete value derived from two Spirometry
measurements and is between zero and four where zero is
used for people at risk (Normal Spirometry but Chronic
Symptoms), 1-4 denote Mild to Very Severe COPD.
The -1 is used for subjects who have Preserved Ratio
Impaired Spirometry (PRISm), which indicates that they
have reduced FEV1 while having preserved FEV1/FVC.

B. Qualitative Evaluation of Subtypes

a) Population-Level Interpretation: To summarize the
results of the Explainer model, we compute the posterior
distribution of zsn. The P (zsn = k|D) represents the posterior
probability of supervoxel n of subject s being assigned to
subtype k which can be visualized as a label mask. Examples
of such masks are shown in Figure 5b for a few subjects and
subtypes. We register the label masks of all the subtypes to
a common space to compute the average distribution of each
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Fig. 6: Subtype proportions averaged over subsets of the population
with GOLD score values PRISm, 0, 1, 2, 3, and 4.

subtype across the population. Figure 5a shows these average
distributions for each subtype along with corresponding scatter
plots denoting the correlation between the load of the subtype
and FEV1 PP. Each dot in the scatter plot denotes one subject
where y−axis corresponds to FEV1 PP and x−axis is the
average of the probabilities of that subtype over all supervoxels
of the subject. A positive correlation suggests that tissue type
is healthy and negative correlation suggests a disease-related
subtype.

We also study the average distributions of the subtypes and
their variations among patients with different GOLD scores.
The result is shown in Figure 6. Each bar represents a sub-
population of patients with a particular GOLD score and colors
within the bar represent the average proportion of a subtype
within that sub-population. All bars have equal sizes but the
proportion of subtypes varies. The proportion of subtype 1
and 2 increase as we move from PRISm to GOLD score 4
(indicating severely diseased). Subtype 8, in contrast, decreases
with increased severity. Subtype 5 is notable because even
though it is not significantly correlated with disease, it is
prevalent in PRISm sub-population relative to other GOLD
scores.

b) Patient-Level Interpretation: To have a better under-
standing of subtypes, we visualize P (zsn = k|D) on lung
CT’s of nine subjects for k = 1, 2, 8 which have the strongest
correlation with FEV1. Figure 5b shows that subtype 1 is found
primarily on pulmonary bullae and subtype 2 captures patients
with peripheral bronchiolitis in patients with severe pulmonary
disease (i.e., Gold score ≥ 3). On the other hand subtype 8
is very pronounced on the rind of three subjects with healthy
lungs.

To get a clinical understanding of these subtypes we asked
a clinical expert to inspect all subtypes showing average and
subject-level representation. Tissue subtypes 1, 2, 3, 4, and 10
are negatively correlated with FEV1PP. Thus these subtypes
are correlated with increased disease severity. Tissue subtype
1 tends to characterize paraseptal emphysema and is often
found in regions containing pulmonary bullae. Subtype 1 tends
to pick up low attenuation areas on the surface. Subtype
2 is often indicative of peripheral bronchiolitis, picking up
peripheral rind linear opacities in the lung, in some case blood

vessels or lymphatics, as well as tree-in-bud opacities. Subtype
3 predominantly captures different pathological features. It
is associated mostly with large high attenuation areas like
scarring and vessels as well as airways. Subtype 4 picks up on
more preserved (i.e., less destruction) areas in patients with
emphysema. Subtype 10 is mostly related to the unexplained
image statistics associated with large high attenuation areas.

In contrast subtypes 5, 6, 7, 8, and 9 are negatively
correlated with increased disease severity. Subtype 5 captures
regions that are more relatively hyperattenuated than surround-
ing regions. Subtype 6 picks up on some dimensional feature
of the thorax, maintaining a distance on structure – though it
is not clear what it is picking up. This is also true for subtype
7, which was difficult for the clinical expert to characterize.
Subtypes 5, 6, and 7 tend to be attenuation agnostic. Subtype 8
is associated with more normal and blotchy regions on the rind
of the lung. Subtype 9 is characteristic of thicker peripheral
opacities and lines on the apex of the lung which might be
indicative of higher diffusing capacity.

C. Quantitative Evaluation of the Subtypes
In this section, we evaluate the discriminative power of the

subject level representation (ts) introduced in Section II-B.
Then, we examine the inferred explainer model (Section II-D).
To do that, we compare our method with the unsupervised
method of topic modeling. For both models, we compute the
posterior means of the subtype proportions (i.e., Eq[πs|D])
and use it as feature vectors for regression tasks predicting a
few measures of disease severity. For FEV1 PP, FEV1/FVC,
and distance walk, we report the coefficient of determination
R2, and for GOLD score, we predict the accuracy. We also
compute the genetic heritability for each subtype which is the
proportion of the variance explained by the genetic similarity
between subjects.

a) Discriminative Power of the Representation: We
compare the discriminative performances of the three local
image descriptors along with two methods of building the
subject-level representation. We separately train linear regres-
sion models (via Ridge Regression) to predict FEV1 PP and
FEV1/FVC from the subject-level features (ts). We use the
predicted values to compute the GOLD score. We report the
average accuracy rate performed on 5-fold cross validation.
Since the GOLD score is a discrete but ordered value, we
report the percentage of cases whose classification lays within
one class of the true value (one-off) as well as exact value.
Table I compares the performance of our subject-level descrip-
tor (Distribution Distance (KL)) with classical BOW model
(K-means) for various choices of local image features. Our
approach outperforms the threshold-based approach (%LAA-
950Insp) as well as BOW across all choices of local image
descriptors. While all three choices of local image descriptors
perform equally well when used by our method, there is
significant variation in performances when BOW is used.
In the rest of the experiments, we opt to use Hist+sHOG
as the local image features for computing the subject-level
representation due to the slight advantage in performance.

To evaluate which subject-level representation is best suited
for characterizing the severity of the disease, we trained
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Local Image Feature Subject-level Descriptor Exact Acc (Std dev) One-off Acc (Std dev)

Baseline %Low Attenuation Level (-950) 0.56 (0.03) 0.76 (0.02)

Hara
BOW (K-means) 0.47 (0.02) 0.71 (0.02)
Distribution Distance (KL) 0.58 (0.03) 0.83 (0.02)

Hist
BOW (K-means) 0.54 (0.04) 0.79 (0.01)
Distribution Distance (KL) 0.57 (0.03) 0.82 (0.01)

Hist+sHOG
BOW (K-means) 0.57 (0.03) 0.82 (0.01)
Distribution Distance (KL) 0.59 (0.03) 0.84 (0.01)

TABLE I: Average classification accuracy of predicting GOLD 5
classes from subject-level descriptors. Subject-level descriptors are
computed from corresponding local image features in each row.
Hara, Hist, Hist+sHOG denote Haralick, Histogram, Histogram
combined with Spherical Histogram of Gradient descriptors respec-
tively. Results are averaged across 5 cross-validation folds. One-off
Acc is the percentage of times the predictor was at most one-off in
predicting GOLD score.

R2

Subject-Level Descriptor FEV1 PP FEV1/FVC FVC Distance Walked

%Low Attenuation Level (-950) 0.44 0.61 0.03 0.07
BOW (K-means) 0.55 0.66 0.48 0.19
Fully Unsupervised (Template) -1.16 -9.40 -518.92 -20.47
Proposed Method (ts) 0.58 0.69 0.38 0.20

TABLE II: Performance of predicting FEV1 PP, FEV1/FVC, FVC,
and distance walked compared across Bag-Of-Words (BOW), unsu-
pervised topic model, our method (ts), and % Low Attenuation Level
(-950) (classic) subject-level descriptors using ridge regression. Our
method outperforms the rest in almost all metrics. Fully Unsupervised
(Template) reports prediction accuracy when using topic proportions
inferred by the template explainer model, learned in a fully unsuper-
vised fashion.

separate linear models to predict FEV1 PP, FEV1/FVC, and
distance walk from different subject-level features. Table II
reports regression accuracy (R2) on predicting these different
metrics; it shows that our subject-level representation, ts,
outperforms the standard bag-of-words representation and is
significantly better than using %LAA-950Insp.

b) Explainer Model: We trained both the fully unsu-
pervised template model (i.e., topic model) and our proposed
supervised model, described in Sec. II-D. For both models,
we set K = 10. After training the models, we compute
the posterior mean of the subtype proportion (i.e., Eq[πs|D])
on the test data for evaluation. These values are used to
train linear regression models predicting the disease severity
measures. The results are shown in Table II. The template
topic model, without injected subject-level features ts, learns
subtypes that are not predictive of disease severity. Table II
shows that subject-level features, ts, are most predictive of
disease severity. This motivates our approach, in Section II-D,
for building a variational approximation to the template model
using features ts. Since our model uses ts for inference, our
prediction performance is the same. Our inference algorithm
(Section II-D) transforms ts to compute Eq[πs|D]. If this
transformed value is used for the prediction, R2 of predicting
FEV1 PP and FEV1/FVC are 0.42 and 0.58 respectively.
The gap between these values and the performance of ts is
the cost we pay to gain interpretation, which is much better
than the fully unsupervised method. This confirms that the
Explainer model learns tissue subtypes that are relevant to
disease prediction, and not simply capturing irrelevant image
statistics in the subject CT’s.

Subtype h2 (%) SE (%) p-value

1 23.69 8.42 2.3e-03
2 23.37 8.29 1.8e-03
3 5.83 7.92 2.2e-01
4 9.96 8.26 1.1e-01
5 ≈ 0 8.17 5e-01
6 ≈ 0 8.38 5e-01
7 8.37 8.48 1.7e-01
8 18.74 8.34 1.1e-02
9 1.46 8.00 4.3e-01
10 2.16 8.00 3.9e-01

TABLE III: Heritability of tissue subtypes. h2 measures the fraction
of phenotypic variance (i.e., variance in subject subtype proportion)
explained by the total genetic variance.

c) Genetic Heritability: To understand the genetic eti-
ology of each subtype, we perform the so-called genetic
heritability analysis. In brief, the genetic heritability analysis
studies the correlation between a quantitive trait and genetic
data by estimating the proportion of the variance explained by
genetic random effects. The variance ratio (h2) is estimated
under a linear mixed effect model where the fixed effects are
nuisance variables, and the random effect is the linear effect
of the genotyped variants. The higher the h2, the stronger
the genetic contribution to the trait. For each subtype, we
view the proportion as a quantitive trait and estimate h2 using
the Restricted Maximum Likelihood (REML) method using
GCTA software [50]. We use age, gender, number of smoking
packs per year, and the first six principal components of the
genetic kinship matrix as nuisance parameters (fixed effect).
The results are shown in Table III. Subtype 1, 2, and 8 show
significant heritability of approximately 18 − 24%, providing
strong evidence that these subtypes are biologically driven.
While subtypes 1, 2 have the strongest negative correlation
with FEV1, subtype 8 has the strongest positive correlation
with the FEV1.

d) Sensitivity to K: We investigate the sensitivity of the
explainer model to the choice of the number of subtypes,
K, which is the most important one amongst the hyper-
parameters. Figure 7 shows the results of training the explainer
model for varying values of parameter K. We measure the
explainer model’s ability to explain the observed data (i.e.,
image features of the lung) on the test set by computing the
log-likelihood of the data under the model. Each point is an
average over two separate training runs of the explainer model
with random initialization. When the assumed number of sub-
types is less than 10 the explainer model’s performance suffers
but for values ≥ 10 we see relatively stable performance.
This suggests that our choice of 10 subtypes is a reasonable
approximation of the number of image feature clusters.

IV. DISCUSSION AND CONCLUSION

In the context of machine learning for clinical application,
accurate prediction and meaningful clinical interpretation are
equally important. While sophisticated models achieve state-
of-the-art prediction performance, they are challenging to
interpret. On the other hand, explainable models tend to be
too simple to have excellent predictive performance. In this
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Fig. 7: Log-likelihood (LL) of explainer model on the held out set
for different values of K. Each point is an average over two separate
training runs of the explainer model with random initialization.

paper, we propose to use a probabilistic graphical model
(PGM) to bridge this gap. Their expressive structure allows
incorporating underlying domain knowledge (via a template).
The approach lets the practitioner build a template for the
explanation using knowledge about the disease. In this paper,
we showed an application of our method for COPD, which
is a highly heterogeneous disease. We viewed every patient
as a mixture of different subprocesses; hence, a topic model
is a proper template for the explanation. Our framework is
general, and other choices of PGM are applicable depending
on the application.

We showed that one could incorporate the discriminative
information into the space of the posterior distributions to
avoid loss of predictive performance. The idea is that the
predictive model shares covariates relevant to prediction (ts)
with the generative model. Therefore, they have the same
prediction performance. We inject ts into the approximation
of the template’s posterior distribution. To make the inference
computationally efficient, we presented a specific transforma-
tion of ts that results in a closed-form parameterization of the
posterior distribution of the subtype proportion.

We apply our model on CT images of the COPDGene
dataset. Our predictive model estimates subject dissimilarity
using a non-parametric estimation of the KL divergence (see
Section II-B) and converts it to a subject-level representation
(ts). We compare our method with K-means as a standard
Bag-of-Words method. One can view K-means as a simple
graphical model which implicitly assumes a spherical Gaus-
sian distribution for input features. Table I shows the effective-
ness of our non-parametric method for predicting the severity
of the disease. The table shows that our approach achieves
the best prediction performance regardless of the input local
image descriptor while there is significant variation in the
performance of K-means. This result suggests that the implicit
distribution assumption of K-means is not compatible with all
choices of input features. However, our non-parametric model
does not rely on any distributional assumption. The results in
Table II validate the main idea of the paper, namely using
ts to build the posterior distribution. It shows that the vanilla
topic modeling, which is fully unsupervised, completely loses
discriminative power.

The main advantage of a PGM is that it is highly in-
terpretable. The posterior probability of the different latent

random variables in our model provides insight into the dis-
ease. Figures III-A visualizes the population-level and subject-
level distributions of the subtypes. However, not all inferred
subtypes aligned with the current clinical understanding of
the disease; (e.g., subtypes six, seven, and ten). The fact that
subtype ten is positively correlated with FEV1 suggests that
it represents healthy tissue. We observed that the proportion
of subtype five is higher in the PRISm sub-population than
the rest of the population (Figure 6). This is an exciting
area for further investigation since the PRISm patients are
difficult to characterize. However, this subtype does not show
a significant correlation with the genetic data. Interestingly, the
most significant subtypes in term of genetic heritability are the
ones with the strongest correlation with FEV1. Understanding
the biological etiology of those subtypes requires further
causal analysis, which is another avenue for future research.

In this paper, we applied our model on pre-engineered
local image descriptors. However, the proposed framework is
general and can be applied to interpret deep learning models.
For example, ts can be the output of the last fully connected
layer in a Convolutional Neural Network (CNN). Currently, we
use a generative model to interpret a pre-trained discriminative
model. An exciting direction for future research is to train
both models in an end-to-end fashion. One can use the genetic
relatedness matrix as an extra covariate to the explainer model.
Lastly, we would like to use the subtypes that are heritable
and related to the disease as phenotypic traits for genetic
association studies.
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augmentation,” in Proceedings of the 28th International Conference
on Neural Information Processing Systems - Volume 2, ser. NIPS’15.
Cambridge, MA, USA: MIT Press, 2015, pp. 3456–3464.

[43] E. A. Regan, J. E. Hokanson, J. R. Murphy, B. Make, D. A. Lynch, T. H.
Beaty, D. Curran-Everett, E. K. Silverman, and J. D. Crapo, “Genetic
epidemiology of COPD (COPDGene) study design,” COPD: Journal of
Chronic Obstructive Pulmonary Disease, vol. 7, no. 1, pp. 32–43, 2011.

[44] M. Holzer and R. Donner, “Over-Segmentation of 3D Medical Image
Volumes based on Monogenic Cues,” Cvww, no. JANUARY 2014, pp.
35–42, 2014.

[45] S. B. Shaker, M. D. Bruijne, L. Sorensen, S. B. Shaker, and M. De Brui-
jne, “Quantitative analysis of pulmonary emphysema using local binary
patterns,” Medical Imaging, IEEE Transactions on, vol. 29, no. 2, pp.
559–569, 2010.

[46] L. Sorensen, M. Nielsen, P. Lo, H. Ashraf, J. H. Pedersen, and
M. De Bruijne, “Texture-based analysis of COPD: A data-driven ap-
proach,” IEEE Transactions on Medical Imaging, vol. 31, no. 1, pp.
70–78, 2012.

[47] W. D. Vogl, H. Prosch, C. Muller-Mang, U. Schmidt-Erfurth, and
G. Langs, “Longitudinal alignment of disease progression in fibrosing
interstitial lung disease,” in Lecture Notes in Computer Science, vol.
8674 LNCS, no. PART 2, 2014, pp. 97–104.

[48] K. Liu, H. Skibbe, T. Schmidt, T. Blein, K. Palme, T. Brox, and
O. Ronneberger, “Rotation-Invariant HOG Descriptors Using Fourier
Analysis in Polar and Spherical Coordinates,” International Journal of
Computer Vision, vol. 106, no. 3, pp. 342–364, 2014.

[49] R. J. G. B. Campello, D. Moulavi, and J. Sander, “Density-based
clustering based on hierarchical density estimates,” in Advances in
Knowledge Discovery and Data Mining, J. Pei, V. S. Tseng, L. Cao,
H. Motoda, and G. Xu, Eds. Berlin, Heidelberg: Springer Berlin
Heidelberg, 2013, pp. 160–172.

[50] J. Yang, B. Benyamin, B. P. McEvoy, S. Gordon, A. K. Henders, and
Others, “Common {SNPs} explain a large proportion of the heritability
for human height,” Nat Gen, vol. 42, no. 7, pp. 565–569, 2010.


