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Approaches to inference
l Exact inference algorithms

l The elimination algorithm
l Message-passing algorithm (sum-product, belief propagation)
l The junction tree algorithms      

l Approximate inference techniques
l Variational algorithms

l Loopy belief propagation 
l Mean field approximation 

l Stochastic simulation / sampling methods
l Markov chain Monte Carlo methods
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Properties of Monte Carlo

Estimator:

∫
f(x)P (x) dx ≈ f̂ ≡ 1

S

S∑

s=1

f(x(s)), x(s) ∼ P (x)

Estimator is unbiased:

EP ({x(s)})

[
f̂
]

=
1

S

S∑

s=1

EP (x) [f(x)] = EP (x) [f(x)]

Variance shrinks ∝ 1/S:

varP ({x(s)})

[
f̂
]

=
1

S2

S∑

s=1

varP (x) [f(x)] = varP (x) [f(x)] /S

“Error bars” shrink like
√

S

Slide from Ian Murray
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A dumb approximation of π

P (x, y) =

{
1 0<x<1 and 0<y<1

0 otherwise

π = 4

∫∫
I
(
(x2 + y2) < 1

)
P (x, y) dx dy

octave:1> S=12; a=rand(S,2); 4*mean(sum(a.*a,2)<1)

ans = 3.3333

octave:2> S=1e7; a=rand(S,2); 4*mean(sum(a.*a,2)<1)

ans = 3.1418

Slide from Ian Murray
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Aside: don’t always sample!

“Monte Carlo is an extremely bad method; it should be used only
when all alternative methods are worse.”

— Alan Sokal, 1996

Example: numerical solutions to (nice) 1D integrals are fast

octave:1> 4 * quadl(@(x) sqrt(1-x.^2), 0, 1, tolerance)

Gives π to 6 dp’s in 108 evaluations, machine precision in 2598.
(NB Matlab’s quadl fails at zero tolerance)

Other lecturers are covering alternatives for higher dimensions.
No approx. integration method always works. Sometimes Monte Carlo is the best.

Slide from Ian Murray
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Sampling from distributions
How to convert samples from a Uniform[0,1] generator:

p(y)

h(y)

y0

1

Figure from PRML, Bishop (2006)

h(y) =
∫ y
−∞ p(y′) dy′

Draw mass to left of point:
u ∼ Uniform[0,1]

Sample, y(u) = h−1(u)

Although we can’t always compute and invert h(y)

Slide from Ian Murray
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Rejection Sampling

Steps:
• Find Q(x) that is easy to sample from.
• Find k such that k such that:

• Sample auxiliary variable y

accept the sample with probability P(y=1|x) 

P̃ (x)

kQ(x)
< 1

<latexit sha1_base64="C3Pt6Y845+h/bz9d9nFnvLv4uK8=">AAACBnicbVDLSsNAFJ34rPUVdSnIYBHqpiQiqOCi6MZlC8YWmlAmk0k7dDIJMxOxhOzc+CtuXKi49Rvc+TdO2iy09cDlHs65l5l7/IRRqSzr21hYXFpeWa2sVdc3Nre2zZ3dOxmnAhMHxywWXR9JwignjqKKkW4iCIp8Rjr+6LrwO/dESBrzWzVOiBehAachxUhpqW8euKFAOHMVZQHJWnn94TjPRu2iwUto982a1bAmgPPELkkNlGj1zS83iHEaEa4wQ1L2bCtRXoaEopiRvOqmkiQIj9CA9DTlKCLSyyZ35PBIKwEMY6GLKzhRf29kKJJyHPl6MkJqKGe9QvzP66UqPPcyypNUEY6nD4UpgyqGRSgwoIJgxcaaICyo/ivEQ6SDUTq6qg7Bnj15njgnjYuG3T6tNa/KNCpgHxyCOrDBGWiCG9ACDsDgETyDV/BmPBkvxrvxMR1dMMqdPfAHxucP+TmYRA==</latexit><latexit sha1_base64="C3Pt6Y845+h/bz9d9nFnvLv4uK8=">AAACBnicbVDLSsNAFJ34rPUVdSnIYBHqpiQiqOCi6MZlC8YWmlAmk0k7dDIJMxOxhOzc+CtuXKi49Rvc+TdO2iy09cDlHs65l5l7/IRRqSzr21hYXFpeWa2sVdc3Nre2zZ3dOxmnAhMHxywWXR9JwignjqKKkW4iCIp8Rjr+6LrwO/dESBrzWzVOiBehAachxUhpqW8euKFAOHMVZQHJWnn94TjPRu2iwUto982a1bAmgPPELkkNlGj1zS83iHEaEa4wQ1L2bCtRXoaEopiRvOqmkiQIj9CA9DTlKCLSyyZ35PBIKwEMY6GLKzhRf29kKJJyHPl6MkJqKGe9QvzP66UqPPcyypNUEY6nD4UpgyqGRSgwoIJgxcaaICyo/ivEQ6SDUTq6qg7Bnj15njgnjYuG3T6tNa/KNCpgHxyCOrDBGWiCG9ACDsDgETyDV/BmPBkvxrvxMR1dMMqdPfAHxucP+TmYRA==</latexit><latexit sha1_base64="C3Pt6Y845+h/bz9d9nFnvLv4uK8=">AAACBnicbVDLSsNAFJ34rPUVdSnIYBHqpiQiqOCi6MZlC8YWmlAmk0k7dDIJMxOxhOzc+CtuXKi49Rvc+TdO2iy09cDlHs65l5l7/IRRqSzr21hYXFpeWa2sVdc3Nre2zZ3dOxmnAhMHxywWXR9JwignjqKKkW4iCIp8Rjr+6LrwO/dESBrzWzVOiBehAachxUhpqW8euKFAOHMVZQHJWnn94TjPRu2iwUto982a1bAmgPPELkkNlGj1zS83iHEaEa4wQ1L2bCtRXoaEopiRvOqmkiQIj9CA9DTlKCLSyyZ35PBIKwEMY6GLKzhRf29kKJJyHPl6MkJqKGe9QvzP66UqPPcyypNUEY6nD4UpgyqGRSgwoIJgxcaaICyo/ivEQ6SDUTq6qg7Bnj15njgnjYuG3T6tNa/KNCpgHxyCOrDBGWiCG9ACDsDgETyDV/BmPBkvxrvxMR1dMMqdPfAHxucP+TmYRA==</latexit><latexit sha1_base64="C3Pt6Y845+h/bz9d9nFnvLv4uK8=">AAACBnicbVDLSsNAFJ34rPUVdSnIYBHqpiQiqOCi6MZlC8YWmlAmk0k7dDIJMxOxhOzc+CtuXKi49Rvc+TdO2iy09cDlHs65l5l7/IRRqSzr21hYXFpeWa2sVdc3Nre2zZ3dOxmnAhMHxywWXR9JwignjqKKkW4iCIp8Rjr+6LrwO/dESBrzWzVOiBehAachxUhpqW8euKFAOHMVZQHJWnn94TjPRu2iwUto982a1bAmgPPELkkNlGj1zS83iHEaEa4wQ1L2bCtRXoaEopiRvOqmkiQIj9CA9DTlKCLSyyZ35PBIKwEMY6GLKzhRf29kKJJyHPl6MkJqKGe9QvzP66UqPPcyypNUEY6nD4UpgyqGRSgwoIJgxcaaICyo/ivEQ6SDUTq6qg7Bnj15njgnjYuG3T6tNa/KNCpgHxyCOrDBGWiCG9ACDsDgETyDV/BmPBkvxrvxMR1dMMqdPfAHxucP+TmYRA==</latexit>

P(y = 1|x) = P̃ (x)

kQ(x)
<latexit sha1_base64="fc+7qCw5lWx1mpKmfwp1fwAzqCk=">AAACF3icbVA7T8MwGHR4lvIKMLJYVEjtUhKEBAyVKlgYW4nQSk1UOY7TWnUesh3UKPRnsPBXWBgAscLGv8FpM0DLSZZPd98n+86NGRXSML61peWV1bX10kZ5c2t7Z1ff278TUcIxsXDEIt51kSCMhsSSVDLSjTlBgctIxx1d537nnnBBo/BWpjFxAjQIqU8xkkrq6yd2gOTQdbPWpJo2zIdxDTag7XOEM1tS5pHcGNcm2aidX7CvV4y6MQVcJGZBKqBAq69/2V6Ek4CEEjMkRM80YulkiEuKGZmU7USQGOERGpCeoiEKiHCyabAJPFaKB/2IqxNKOFV/b2QoECINXDWZxxDzXi7+5/US6V84GQ3jRJIQzx7yEwZlBPOWoEc5wZKliiDMqforxEOkWpGqy7IqwZyPvEis0/pl3WyfVZpXRRslcAiOQBWY4Bw0wQ1oAQtg8AiewSt40560F+1d+5iNLmnFzgH4A+3zB6qHnxw=</latexit><latexit sha1_base64="fc+7qCw5lWx1mpKmfwp1fwAzqCk=">AAACF3icbVA7T8MwGHR4lvIKMLJYVEjtUhKEBAyVKlgYW4nQSk1UOY7TWnUesh3UKPRnsPBXWBgAscLGv8FpM0DLSZZPd98n+86NGRXSML61peWV1bX10kZ5c2t7Z1ff278TUcIxsXDEIt51kSCMhsSSVDLSjTlBgctIxx1d537nnnBBo/BWpjFxAjQIqU8xkkrq6yd2gOTQdbPWpJo2zIdxDTag7XOEM1tS5pHcGNcm2aidX7CvV4y6MQVcJGZBKqBAq69/2V6Ek4CEEjMkRM80YulkiEuKGZmU7USQGOERGpCeoiEKiHCyabAJPFaKB/2IqxNKOFV/b2QoECINXDWZxxDzXi7+5/US6V84GQ3jRJIQzx7yEwZlBPOWoEc5wZKliiDMqforxEOkWpGqy7IqwZyPvEis0/pl3WyfVZpXRRslcAiOQBWY4Bw0wQ1oAQtg8AiewSt40560F+1d+5iNLmnFzgH4A+3zB6qHnxw=</latexit><latexit sha1_base64="fc+7qCw5lWx1mpKmfwp1fwAzqCk=">AAACF3icbVA7T8MwGHR4lvIKMLJYVEjtUhKEBAyVKlgYW4nQSk1UOY7TWnUesh3UKPRnsPBXWBgAscLGv8FpM0DLSZZPd98n+86NGRXSML61peWV1bX10kZ5c2t7Z1ff278TUcIxsXDEIt51kSCMhsSSVDLSjTlBgctIxx1d537nnnBBo/BWpjFxAjQIqU8xkkrq6yd2gOTQdbPWpJo2zIdxDTag7XOEM1tS5pHcGNcm2aidX7CvV4y6MQVcJGZBKqBAq69/2V6Ek4CEEjMkRM80YulkiEuKGZmU7USQGOERGpCeoiEKiHCyabAJPFaKB/2IqxNKOFV/b2QoECINXDWZxxDzXi7+5/US6V84GQ3jRJIQzx7yEwZlBPOWoEc5wZKliiDMqforxEOkWpGqy7IqwZyPvEis0/pl3WyfVZpXRRslcAiOQBWY4Bw0wQ1oAQtg8AiewSt40560F+1d+5iNLmnFzgH4A+3zB6qHnxw=</latexit><latexit sha1_base64="fc+7qCw5lWx1mpKmfwp1fwAzqCk=">AAACF3icbVA7T8MwGHR4lvIKMLJYVEjtUhKEBAyVKlgYW4nQSk1UOY7TWnUesh3UKPRnsPBXWBgAscLGv8FpM0DLSZZPd98n+86NGRXSML61peWV1bX10kZ5c2t7Z1ff278TUcIxsXDEIt51kSCMhsSSVDLSjTlBgctIxx1d537nnnBBo/BWpjFxAjQIqU8xkkrq6yd2gOTQdbPWpJo2zIdxDTag7XOEM1tS5pHcGNcm2aidX7CvV4y6MQVcJGZBKqBAq69/2V6Ek4CEEjMkRM80YulkiEuKGZmU7USQGOERGpCeoiEKiHCyabAJPFaKB/2IqxNKOFV/b2QoECINXDWZxxDzXi7+5/US6V84GQ3jRJIQzx7yEwZlBPOWoEc5wZKliiDMqforxEOkWpGqy7IqwZyPvEis0/pl3WyfVZpXRRslcAiOQBWY4Bw0wQ1oAQtg8AiewSt40560F+1d+5iNLmnFzgH4A+3zB6qHnxw=</latexit>

Claim: Accepted samples have a probability of P(x).
Does it matter how to choose k ? 



Application to large problems

Rejection & importance sampling scale badly with dimensionality

Example:
P (x) = N (0, I), Q(x) = N (0, σ2

I)

Rejection sampling:

Requires σ ≥ 1. Fraction of proposals accepted = σ−D

Importance sampling:

Variance of importance weights =
(

σ2

2−1/σ2

)D/2
− 1

Infinite / undefined variance if σ ≤ 1/
√

2

Pitfalls of Rejection Sampling

11

The acceptance rate is: 

the densities are fully factorizable in this example:
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Importance sampling

Computing P̃ (x) and Q̃(x), then throwing x away seems wasteful
Instead rewrite the integral as an expectation under Q:

∫
f(x)P (x) dx =

∫
f(x)

P (x)

Q(x)
Q(x) dx, (Q(x) > 0 if P (x) > 0)

≈ 1

S

S∑

s=1

f(x(s))
P (x(s))

Q(x(s))
, x(s) ∼ Q(x)

This is just simple Monte Carlo again, so it is unbiased.

Importance sampling applies when the integral is not an expectation.
Divide and multiply any integrand by a convenient distribution.

Slide from Ian Murray

We switched the sampling from P(x) which is hard to sampling 
from Q(x).

Wait!! We still need to have !(#
$)

&(#$) .
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Importance Sampling (2)Importance sampling (2)

Previous slide assumed we could evaluate P (x) = P̃ (x)/ZP

∫
f(x)P (x) dx ≈ ZQ

ZP

1

S

S∑

s=1

f(x(s))
P̃ (x(s))

Q̃(x(s))︸ ︷︷ ︸
r̃(s)

, x(s) ∼ Q(x)

≈
✄
✄
✄
✄
✄✄1

S

S∑

s=1

f(x(s))
r̃(s)

✁
✁
✁✁1

S

∑
s′ r̃

(s′)
≡

S∑

s=1

f(x(s))w(s)

This estimator is consistent but biased

Exercise: Prove that ZP/ZQ ≈ 1
S

∑
s r̃(s)

Importance sampling (2)

Previous slide assumed we could evaluate P (x) = P̃ (x)/ZP

∫
f(x)P (x) dx ≈ ZQ

ZP

1

S

S∑

s=1

f(x(s))
P̃ (x(s))

Q̃(x(s))︸ ︷︷ ︸
r̃(s)

, x(s) ∼ Q(x)

≈
✄
✄
✄
✄
✄✄1

S

S∑

s=1

f(x(s))
r̃(s)

✁
✁
✁✁1

S

∑
s′ r̃

(s′)
≡

S∑

s=1

f(x(s))w(s)

This estimator is consistent but biased

Exercise: Prove that ZP/ZQ ≈ 1
S

∑
s r̃(s)

Let !",⋯ , !% be samples from q(x). 

Exercise: Prove that 

Z

x
f(x)p(x) =

R
x f(x)

p̃(x)
q̃(x)q(x)R

x
p̃(x)
q̃(x)q(x)

<latexit sha1_base64="9aLjmpz0Psa/aqaHEXhVmW1D3kE="></latexit><latexit sha1_base64="9aLjmpz0Psa/aqaHEXhVmW1D3kE="></latexit><latexit sha1_base64="9aLjmpz0Psa/aqaHEXhVmW1D3kE="></latexit><latexit sha1_base64="9aLjmpz0Psa/aqaHEXhVmW1D3kE="></latexit>

Z

x
f(x)p(x) ⇡

P
l f(x

l) p̃(x
l)

q̃(xl)
P

l
p̃(xl)
q̃(xl)

=
LX

l=1

f(xl)wl

<latexit sha1_base64="BB77UXZkEMVNag7Tr19P+0k1RJ0="></latexit><latexit sha1_base64="BB77UXZkEMVNag7Tr19P+0k1RJ0="></latexit><latexit sha1_base64="BB77UXZkEMVNag7Tr19P+0k1RJ0="></latexit><latexit sha1_base64="BB77UXZkEMVNag7Tr19P+0k1RJ0="></latexit>

Zp

ZQ
⇡ 1

L

X

L

w̃l

<latexit sha1_base64="robI3ZlMsJYuYMIl+U8b/mGs5yU="></latexit><latexit sha1_base64="robI3ZlMsJYuYMIl+U8b/mGs5yU="></latexit><latexit sha1_base64="robI3ZlMsJYuYMIl+U8b/mGs5yU="></latexit><latexit sha1_base64="robI3ZlMsJYuYMIl+U8b/mGs5yU="></latexit>

What is the implication?



Pitfalls of Importance Sampling
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Example: Fully factorizable p(x) and q(x) :

Naïve importance sampling does not scale well with dimensionality

• The proposal distribution (q(x)) is a good one when p=q. 
• In other words, weighs are uniform (w=1/L).
• Let’s study variability of the unnormalized weights

Prove it!
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Pitfalls of Importance Sampling
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Pitfalls of Importance Sampling

A Remedy: A method that can help address 
this weight dominance is resampling. 
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How to use structure in high dim?
Apply the importance sampling to a temporal distribution !(#$:&)

xl+1
1

<latexit sha1_base64="7R5zPBhbAIQ2pD92XqralTc3E0E="></latexit><latexit sha1_base64="7R5zPBhbAIQ2pD92XqralTc3E0E="></latexit><latexit sha1_base64="7R5zPBhbAIQ2pD92XqralTc3E0E="></latexit><latexit sha1_base64="7R5zPBhbAIQ2pD92XqralTc3E0E="></latexit>

xl+1
2

<latexit sha1_base64="IuD+XOCv2hwkQt7PskcWuUMpT2A="></latexit><latexit sha1_base64="IuD+XOCv2hwkQt7PskcWuUMpT2A="></latexit><latexit sha1_base64="IuD+XOCv2hwkQt7PskcWuUMpT2A="></latexit><latexit sha1_base64="IuD+XOCv2hwkQt7PskcWuUMpT2A="></latexit>

xl+1
t

<latexit sha1_base64="ogxPTitY2qfAGa5zMW4+7luwsHk="></latexit><latexit sha1_base64="ogxPTitY2qfAGa5zMW4+7luwsHk="></latexit><latexit sha1_base64="ogxPTitY2qfAGa5zMW4+7luwsHk="></latexit><latexit sha1_base64="ogxPTitY2qfAGa5zMW4+7luwsHk="></latexit>

· · ·<latexit sha1_base64="brhJoBiLgLg7EzwSuiBuF8/qfPI="></latexit><latexit sha1_base64="brhJoBiLgLg7EzwSuiBuF8/qfPI="></latexit><latexit sha1_base64="brhJoBiLgLg7EzwSuiBuF8/qfPI="></latexit><latexit sha1_base64="brhJoBiLgLg7EzwSuiBuF8/qfPI="></latexit> xl+1
t�1

<latexit sha1_base64="UhTiNpz+Zh8E9Ooeof6tg7u/cus="></latexit><latexit sha1_base64="UhTiNpz+Zh8E9Ooeof6tg7u/cus="></latexit><latexit sha1_base64="UhTiNpz+Zh8E9Ooeof6tg7u/cus="></latexit><latexit sha1_base64="UhTiNpz+Zh8E9Ooeof6tg7u/cus="></latexit>

xl
1

<latexit sha1_base64="ALB+xNMRyHbID2CmgDOPEQG6YAE="></latexit><latexit sha1_base64="ALB+xNMRyHbID2CmgDOPEQG6YAE="></latexit><latexit sha1_base64="ALB+xNMRyHbID2CmgDOPEQG6YAE="></latexit><latexit sha1_base64="ALB+xNMRyHbID2CmgDOPEQG6YAE="></latexit>

xl
2

<latexit sha1_base64="XJVY/VU+eVYps9fUmBfFBZnIyvM="></latexit><latexit sha1_base64="XJVY/VU+eVYps9fUmBfFBZnIyvM="></latexit><latexit sha1_base64="XJVY/VU+eVYps9fUmBfFBZnIyvM="></latexit><latexit sha1_base64="XJVY/VU+eVYps9fUmBfFBZnIyvM="></latexit>

xl
t�1

<latexit sha1_base64="HD6NnRW/MaBGmuS3ohVzRFbgu8g="></latexit><latexit sha1_base64="HD6NnRW/MaBGmuS3ohVzRFbgu8g="></latexit><latexit sha1_base64="HD6NnRW/MaBGmuS3ohVzRFbgu8g="></latexit><latexit sha1_base64="HD6NnRW/MaBGmuS3ohVzRFbgu8g="></latexit>

xl
t

<latexit sha1_base64="AQ/KbIIVQrKQwKKd2QNxkpnwVFg="></latexit><latexit sha1_base64="AQ/KbIIVQrKQwKKd2QNxkpnwVFg="></latexit><latexit sha1_base64="AQ/KbIIVQrKQwKKd2QNxkpnwVFg="></latexit><latexit sha1_base64="AQ/KbIIVQrKQwKKd2QNxkpnwVFg="></latexit>

· · ·<latexit sha1_base64="brhJoBiLgLg7EzwSuiBuF8/qfPI="></latexit><latexit sha1_base64="brhJoBiLgLg7EzwSuiBuF8/qfPI="></latexit><latexit sha1_base64="brhJoBiLgLg7EzwSuiBuF8/qfPI="></latexit><latexit sha1_base64="brhJoBiLgLg7EzwSuiBuF8/qfPI="></latexit>

···
<latexit sha1_base64="brhJoBiLgLg7EzwSuiBuF8/qfPI="></latexit><latexit sha1_base64="brhJoBiLgLg7EzwSuiBuF8/qfPI="></latexit><latexit sha1_base64="brhJoBiLgLg7EzwSuiBuF8/qfPI="></latexit><latexit sha1_base64="brhJoBiLgLg7EzwSuiBuF8/qfPI="></latexit>

Sample 
(

Sample 
( + 1

General idea, change the proposal in each step: + #& #$:&)

=
p⇤(xl

t|xl
1:t�1)

q(xl
t|xl

1:t�1)

p⇤(xl
1:t�1)

q(xl
1:t�1)

<latexit sha1_base64="uzn1Ta792bRfEEyRL+Ox69tkGh4="></latexit><latexit sha1_base64="uzn1Ta792bRfEEyRL+Ox69tkGh4="></latexit><latexit sha1_base64="uzn1Ta792bRfEEyRL+Ox69tkGh4="></latexit><latexit sha1_base64="uzn1Ta792bRfEEyRL+Ox69tkGh4="></latexit>
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How to use structure in high dim?
Apply the importance sampling to a temporal distribution !(#$:&)

xl+1
1

<latexit sha1_base64="7R5zPBhbAIQ2pD92XqralTc3E0E="></latexit><latexit sha1_base64="7R5zPBhbAIQ2pD92XqralTc3E0E="></latexit><latexit sha1_base64="7R5zPBhbAIQ2pD92XqralTc3E0E="></latexit><latexit sha1_base64="7R5zPBhbAIQ2pD92XqralTc3E0E="></latexit>

xl+1
2

<latexit sha1_base64="IuD+XOCv2hwkQt7PskcWuUMpT2A="></latexit><latexit sha1_base64="IuD+XOCv2hwkQt7PskcWuUMpT2A="></latexit><latexit sha1_base64="IuD+XOCv2hwkQt7PskcWuUMpT2A="></latexit><latexit sha1_base64="IuD+XOCv2hwkQt7PskcWuUMpT2A="></latexit>

xl+1
t

<latexit sha1_base64="ogxPTitY2qfAGa5zMW4+7luwsHk="></latexit><latexit sha1_base64="ogxPTitY2qfAGa5zMW4+7luwsHk="></latexit><latexit sha1_base64="ogxPTitY2qfAGa5zMW4+7luwsHk="></latexit><latexit sha1_base64="ogxPTitY2qfAGa5zMW4+7luwsHk="></latexit>

· · ·<latexit sha1_base64="brhJoBiLgLg7EzwSuiBuF8/qfPI="></latexit><latexit sha1_base64="brhJoBiLgLg7EzwSuiBuF8/qfPI="></latexit><latexit sha1_base64="brhJoBiLgLg7EzwSuiBuF8/qfPI="></latexit><latexit sha1_base64="brhJoBiLgLg7EzwSuiBuF8/qfPI="></latexit> xl+1
t�1

<latexit sha1_base64="UhTiNpz+Zh8E9Ooeof6tg7u/cus="></latexit><latexit sha1_base64="UhTiNpz+Zh8E9Ooeof6tg7u/cus="></latexit><latexit sha1_base64="UhTiNpz+Zh8E9Ooeof6tg7u/cus="></latexit><latexit sha1_base64="UhTiNpz+Zh8E9Ooeof6tg7u/cus="></latexit>

xl
1

<latexit sha1_base64="ALB+xNMRyHbID2CmgDOPEQG6YAE="></latexit><latexit sha1_base64="ALB+xNMRyHbID2CmgDOPEQG6YAE="></latexit><latexit sha1_base64="ALB+xNMRyHbID2CmgDOPEQG6YAE="></latexit><latexit sha1_base64="ALB+xNMRyHbID2CmgDOPEQG6YAE="></latexit>

xl
2

<latexit sha1_base64="XJVY/VU+eVYps9fUmBfFBZnIyvM="></latexit><latexit sha1_base64="XJVY/VU+eVYps9fUmBfFBZnIyvM="></latexit><latexit sha1_base64="XJVY/VU+eVYps9fUmBfFBZnIyvM="></latexit><latexit sha1_base64="XJVY/VU+eVYps9fUmBfFBZnIyvM="></latexit>

xl
t�1

<latexit sha1_base64="HD6NnRW/MaBGmuS3ohVzRFbgu8g="></latexit><latexit sha1_base64="HD6NnRW/MaBGmuS3ohVzRFbgu8g="></latexit><latexit sha1_base64="HD6NnRW/MaBGmuS3ohVzRFbgu8g="></latexit><latexit sha1_base64="HD6NnRW/MaBGmuS3ohVzRFbgu8g="></latexit>

xl
t

<latexit sha1_base64="AQ/KbIIVQrKQwKKd2QNxkpnwVFg="></latexit><latexit sha1_base64="AQ/KbIIVQrKQwKKd2QNxkpnwVFg="></latexit><latexit sha1_base64="AQ/KbIIVQrKQwKKd2QNxkpnwVFg="></latexit><latexit sha1_base64="AQ/KbIIVQrKQwKKd2QNxkpnwVFg="></latexit>

· · ·<latexit sha1_base64="brhJoBiLgLg7EzwSuiBuF8/qfPI="></latexit><latexit sha1_base64="brhJoBiLgLg7EzwSuiBuF8/qfPI="></latexit><latexit sha1_base64="brhJoBiLgLg7EzwSuiBuF8/qfPI="></latexit><latexit sha1_base64="brhJoBiLgLg7EzwSuiBuF8/qfPI="></latexit>

···
<latexit sha1_base64="brhJoBiLgLg7EzwSuiBuF8/qfPI="></latexit><latexit sha1_base64="brhJoBiLgLg7EzwSuiBuF8/qfPI="></latexit><latexit sha1_base64="brhJoBiLgLg7EzwSuiBuF8/qfPI="></latexit><latexit sha1_base64="brhJoBiLgLg7EzwSuiBuF8/qfPI="></latexit>

Sample 
(

Sample 
( + 1

General idea, change the proposal in each step: + #& #$:&)

The recursion rule:

=
p⇤(xl

t|xl
1:t�1)

q(xl
t|xl

1:t�1)

p⇤(xl
1:t�1)

q(xl
1:t�1)

<latexit sha1_base64="uzn1Ta792bRfEEyRL+Ox69tkGh4="></latexit><latexit sha1_base64="uzn1Ta792bRfEEyRL+Ox69tkGh4="></latexit><latexit sha1_base64="uzn1Ta792bRfEEyRL+Ox69tkGh4="></latexit><latexit sha1_base64="uzn1Ta792bRfEEyRL+Ox69tkGh4="></latexit>



20

Sketch of Particle Filters
Apply the importance sampling to a temporal distribution !(#$:&)

General idea, change the proposal in each step: ( #& #$:&)

The recursion rule:
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Sketch of Particle Filters
Apply the importance sampling to a temporal distribution !(#$:&)

General idea, change the proposal in each step: ( #& #$:&)

The recursion rule:

Forward message:
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General ideas for the sampling approaches
• Proposal distribution (q(x)): Use another distribution 

to sample from.
• Change the proposal distribution with the 

iterations.

• Introduce an auxiliary variable to decide keeping a 
sample or not.
• Why should we discard samples?

• Sampling from high-dimension is difficult.
• Let’s incorporate the graphical model into our 

sampling strategy.

• Can we use the gradient of the p(x)?



Summary so far

23

General ideas for the sampling approaches

• Proposal distribution (q(x)): Use another distribution 

to sample from.

• Change the proposal distribution with the 

iterations.

• Introduce an auxiliary variable to decide keeping a 

sample or not.

• Why should we discard samples?

• Sampling from high-dimension is difficult.

• Let’s incorporate the graphical model into our 

sampling strategy.

• Can we use the gradient of the p(x)?



Gibbs Sampling

24

Copyright Cambridge University Press 2003. On-screen viewing permitted. Printing not permitted. http://www.cambridge.org/0521642981
You can buy this book for 30 pounds or $50. See http://www.inference.phy.cam.ac.uk/mackay/itila/ for links.

370 29 — Monte Carlo Methods
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Figure 29.13. Gibbs sampling.
(a) The joint density P (x) from
which samples are required. (b)
Starting from a state x(t), x1 is
sampled from the conditional
density P (x1 |x(t)

2 ). (c) A sample
is then made from the conditional
density P (x2 |x1). (d) A couple of
iterations of Gibbs sampling.

This is good news and bad news. It is good news because, unlike the
cases of rejection sampling and importance sampling, there is no catastrophic
dependence on the dimensionality N . Our computer will give useful answers
in a time shorter than the age of the universe. But it is bad news all the same,
because this quadratic dependence on the lengthscale-ratio may still force us
to make very lengthy simulations.

Fortunately, there are methods for suppressing random walks in Monte
Carlo simulations, which we will discuss in the next chapter.

29.5 Gibbs sampling

We introduced importance sampling, rejection sampling and the Metropolis
method using one-dimensional examples. Gibbs sampling, also known as the
heat bath method or ‘Glauber dynamics’, is a method for sampling from dis-
tributions over at least two dimensions. Gibbs sampling can be viewed as a
Metropolis method in which a sequence of proposal distributions Q are defined
in terms of the conditional distributions of the joint distribution P (x). It is
assumed that, whilst P (x) is too complex to draw samples from directly, its
conditional distributions P (xi | {xj}j ̸=i) are tractable to work with. For many
graphical models (but not all) these one-dimensional conditional distributions
are straightforward to sample from. For example, if a Gaussian distribution
for some variables d has an unknown mean m, and the prior distribution of m
is Gaussian, then the conditional distribution of m given d is also Gaussian.
Conditional distributions that are not of standard form may still be sampled
from by adaptive rejection sampling if the conditional distribution satisfies
certain convexity properties (Gilks and Wild, 1992).

Gibbs sampling is illustrated for a case with two variables (x1, x2) = x
in figure 29.13. On each iteration, we start from the current state x(t), and
x1 is sampled from the conditional density P (x1 |x2), with x2 fixed to x(t)

2 .
A sample x2 is then made from the conditional density P (x2 |x1), using the

p(x)

p(x1|x(t)
2 )

x(t)
x(t+1)

• Sample one (block of) variable at the time
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2 ). (c) A sample
is then made from the conditional
density P (x2 |x1). (d) A couple of
iterations of Gibbs sampling.

This is good news and bad news. It is good news because, unlike the
cases of rejection sampling and importance sampling, there is no catastrophic
dependence on the dimensionality N . Our computer will give useful answers
in a time shorter than the age of the universe. But it is bad news all the same,
because this quadratic dependence on the lengthscale-ratio may still force us
to make very lengthy simulations.

Fortunately, there are methods for suppressing random walks in Monte
Carlo simulations, which we will discuss in the next chapter.

29.5 Gibbs sampling

We introduced importance sampling, rejection sampling and the Metropolis
method using one-dimensional examples. Gibbs sampling, also known as the
heat bath method or ‘Glauber dynamics’, is a method for sampling from dis-
tributions over at least two dimensions. Gibbs sampling can be viewed as a
Metropolis method in which a sequence of proposal distributions Q are defined
in terms of the conditional distributions of the joint distribution P (x). It is
assumed that, whilst P (x) is too complex to draw samples from directly, its
conditional distributions P (xi | {xj}j ̸=i) are tractable to work with. For many
graphical models (but not all) these one-dimensional conditional distributions
are straightforward to sample from. For example, if a Gaussian distribution
for some variables d has an unknown mean m, and the prior distribution of m
is Gaussian, then the conditional distribution of m given d is also Gaussian.
Conditional distributions that are not of standard form may still be sampled
from by adaptive rejection sampling if the conditional distribution satisfies
certain convexity properties (Gilks and Wild, 1992).

Gibbs sampling is illustrated for a case with two variables (x1, x2) = x
in figure 29.13. On each iteration, we start from the current state x(t), and
x1 is sampled from the conditional density P (x1 |x2), with x2 fixed to x(t)

2 .
A sample x2 is then made from the conditional density P (x2 |x1), using the

p(x)

x(t+1)

x(t+2)

p(x2|x(t+1)
1 )

x(t)
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Figure 29.13. Gibbs sampling.
(a) The joint density P (x) from
which samples are required. (b)
Starting from a state x(t), x1 is
sampled from the conditional
density P (x1 |x(t)

2 ). (c) A sample
is then made from the conditional
density P (x2 |x1). (d) A couple of
iterations of Gibbs sampling.

This is good news and bad news. It is good news because, unlike the
cases of rejection sampling and importance sampling, there is no catastrophic
dependence on the dimensionality N . Our computer will give useful answers
in a time shorter than the age of the universe. But it is bad news all the same,
because this quadratic dependence on the lengthscale-ratio may still force us
to make very lengthy simulations.

Fortunately, there are methods for suppressing random walks in Monte
Carlo simulations, which we will discuss in the next chapter.

29.5 Gibbs sampling

We introduced importance sampling, rejection sampling and the Metropolis
method using one-dimensional examples. Gibbs sampling, also known as the
heat bath method or ‘Glauber dynamics’, is a method for sampling from dis-
tributions over at least two dimensions. Gibbs sampling can be viewed as a
Metropolis method in which a sequence of proposal distributions Q are defined
in terms of the conditional distributions of the joint distribution P (x). It is
assumed that, whilst P (x) is too complex to draw samples from directly, its
conditional distributions P (xi | {xj}j ̸=i) are tractable to work with. For many
graphical models (but not all) these one-dimensional conditional distributions
are straightforward to sample from. For example, if a Gaussian distribution
for some variables d has an unknown mean m, and the prior distribution of m
is Gaussian, then the conditional distribution of m given d is also Gaussian.
Conditional distributions that are not of standard form may still be sampled
from by adaptive rejection sampling if the conditional distribution satisfies
certain convexity properties (Gilks and Wild, 1992).

Gibbs sampling is illustrated for a case with two variables (x1, x2) = x
in figure 29.13. On each iteration, we start from the current state x(t), and
x1 is sampled from the conditional density P (x1 |x2), with x2 fixed to x(t)

2 .
A sample x2 is then made from the conditional density P (x2 |x1), using the

p(x)

x(t+1)

x(t+2)

x(t)

x(t+3)

x(t+4)
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Link:
https://www.youtube.com/watch?v=AEwY6QXWoUg
https://www.youtube.com/watch?v=ZaKwpVgmKTY

https://www.youtube.com/watch?v=AEwY6QXWoUg
https://www.youtube.com/watch?v=ZaKwpVgmKTY
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drawn from conditional distributions . In the case of graphical models, the conditional
distributions for individual nodes depend only on the variables in the corresponding Markov blan-
kets, as illustrated in Figure ??. For directed graphs, a very broad choice of conditional distribu-

(a) (b)

Figure 1.15: The Gibbs sampling requires samples to be drawn from the conditional distribution of
a variable conditioned on the remaining variables. For graphical models, this conditional distribu-
tion is a function only of the states of the nodes in the Markov blanket. In the case of an undirected
graph (a) this comprises the set of neighbours while for a directed graph (b) the Markov blanket
comprises the parents, the children and the co-parents.

tions for the individual nodes conditioned on their parents will lead to conditional distributions
for Gibbs sampling which are log concave. The adaptive rejection sampling methods discussed
in Section ?? therefore provide a framework for Monte Carlo sampling from directed graphs with
broad applicability.

As with the Metropolis algorithm, we can gain some insight into the behaviour of Gibbs sam-
pling by investigating its application to a Gaussian distribution. Consider a correlated Gaussian in
two variables, as illustrated in Figure ??, having a conditional distribution of width and a marginal
distribution of width . The typical step size is governed by the conditional distributions and will
be of order . Since the state evolves according to a random walk, the number of steps needed to ob-
tain independent samples from the distribution will be of order . Of course if the Gaussian
distribution were uncorrelated then the Gibbs sampling procedure would be optimally efficient.
For this simple problem we could rotate the coordinate system in order to decorrelate the variable,
however, in practical applications it will generally be infeasible to find such transformations.

One approach to reducing random walk behaviour in Gibbs sampling is called over-relaxation.
In its original form this applies to problems for which the conditional distributions are Gaussian.
This represents a more general class of distributions than the multi-variate Gaussian, since for ex-
ample the non-Gaussian distribution has Gaussian conditional distributions.
At each step of the Gibbs sampling algorithm the conditional distribution for a particular compo-
nent has some mean and some variance . In the over-relaxation framework the value of
is replaced with

(1.55)

where is a Gaussian random variate with zero mean and unit variance, and is a parameter such
that . For the method is equivalent to standard Gibbs sampling. When is
negative the step is biased to the opposite side of the mean. It is easily seen that this step leaves the
desired distribution invariant since if has mean and variance , then so too does . Also it
is clear that if the original Gibbs sampling is ergodic, then the over-relaxed version will be ergodic

Figure from Jordan Ch. 21
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and are amenable to adaptive 
rejection sampling
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probability q(i)

Make sure other 
variables do not change 
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• Bayesian Approach
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Figure 1: The graphical model for the SCTM.

2 SCTM

A Product of Experts (PoE) [1] model p(x|⌅1, . . . ,⌅C) =
QC

c=1 ⇥cxPV
v=1

QC
c=1 ⇥cv

, where there are C

components, and the summation in the denominator is over all possible feature types.

Latent Dirichlet allocation generative process

For each topic k ⇥ {1, . . . , K}:
�k � Dir(�) [draw distribution over words]

For each document m ⇥ {1, . . . , M}
✓m � Dir(↵) [draw distribution over topics]
For each word n ⇥ {1, . . . , Nm}

zmn � Mult(1, ✓m) [draw topic]
xmn � �zmi

[draw word]

The Finite IBP model generative process

For each component c ⇥ {1, . . . , C}: [columns]

�c � Beta( �
C , 1) [draw probability of component c]

For each topic k ⇥ {1, . . . , K}: [rows]
bkc � Bernoulli(�c)
[draw whether topic includes cth component in its PoE]

2.1 PoE

p(x|⌅1, . . . ,⌅C) =
⇥C

c=1 ⇤cx�V
v=1

⇥C
c=1 ⇤cv

(2)

2.2 IBP

Latent Dirichlet allocation generative process

For each topic k ⇥ {1, . . . , K}:
�k � Dir(�) [draw distribution over words]

For each document m ⇥ {1, . . . , M}
✓m � Dir(↵) [draw distribution over topics]
For each word n ⇥ {1, . . . , Nm}

zmn � Mult(1, ✓m) [draw topic]
xmn � �zmi

[draw word]

The Beta-Bernoulli model generative process

For each feature c ⇥ {1, . . . , C}: [columns]

�c � Beta( �
C , 1)

For each class k ⇥ {1, . . . , K}: [rows]
bkc � Bernoulli(�c)

2.3 Shared Components Topic Models

Generative process We can now present the formal generative process for the SCTM. For each
of the C shared components, we generate a distribution ⌅c over the V words from a Dirichlet
parametrized by ⇥. Next, we generate a K � C binary matrix using the finite IBP prior. We select
the probability ⇥c of each component c being on (bkc = 1) from a Beta distribution parametrized
by �/C. We then sample K topics (rows of the matrix), which combine component distributions,
where each position bkc is drawn from a Bernoulli parameterized by ⇥c. These components and the

2

Dirichlet

Document-specific 
topic distribution

Topic assignment

Observed word

Topic Dirichlet

Exact Inference?

Intractable
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LDA Inference

• Explicit Gibbs Sampler
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Figure 1: The graphical model for the SCTM.

2 SCTM

A Product of Experts (PoE) [1] model p(x|⌅1, . . . ,⌅C) =
QC

c=1 ⇥cxPV
v=1

QC
c=1 ⇥cv

, where there are C

components, and the summation in the denominator is over all possible feature types.

Latent Dirichlet allocation generative process

For each topic k ⇥ {1, . . . , K}:
�k � Dir(�) [draw distribution over words]

For each document m ⇥ {1, . . . , M}
✓m � Dir(↵) [draw distribution over topics]
For each word n ⇥ {1, . . . , Nm}

zmn � Mult(1, ✓m) [draw topic]
xmn � �zmi

[draw word]

The Finite IBP model generative process

For each component c ⇥ {1, . . . , C}: [columns]

�c � Beta( �
C , 1) [draw probability of component c]

For each topic k ⇥ {1, . . . , K}: [rows]
bkc � Bernoulli(�c)
[draw whether topic includes cth component in its PoE]

2.1 PoE

p(x|⌅1, . . . ,⌅C) =
⇥C

c=1 ⇤cx�V
v=1

⇥C
c=1 ⇤cv

(2)

2.2 IBP

Latent Dirichlet allocation generative process

For each topic k ⇥ {1, . . . , K}:
�k � Dir(�) [draw distribution over words]

For each document m ⇥ {1, . . . , M}
✓m � Dir(↵) [draw distribution over topics]
For each word n ⇥ {1, . . . , Nm}

zmn � Mult(1, ✓m) [draw topic]
xmn � �zmi

[draw word]

The Beta-Bernoulli model generative process

For each feature c ⇥ {1, . . . , C}: [columns]

�c � Beta( �
C , 1)

For each class k ⇥ {1, . . . , K}: [rows]
bkc � Bernoulli(�c)

2.3 Shared Components Topic Models

Generative process We can now present the formal generative process for the SCTM. For each
of the C shared components, we generate a distribution ⌅c over the V words from a Dirichlet
parametrized by ⇥. Next, we generate a K � C binary matrix using the finite IBP prior. We select
the probability ⇥c of each component c being on (bkc = 1) from a Beta distribution parametrized
by �/C. We then sample K topics (rows of the matrix), which combine component distributions,
where each position bkc is drawn from a Bernoulli parameterized by ⇥c. These components and the
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LDA Inference

• Collapsed Gibbs Sampler
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Figure 1: The graphical model for the SCTM.

2 SCTM

A Product of Experts (PoE) [1] model p(x|⌅1, . . . ,⌅C) =
QC

c=1 ⇥cxPV
v=1

QC
c=1 ⇥cv

, where there are C

components, and the summation in the denominator is over all possible feature types.

Latent Dirichlet allocation generative process

For each topic k ⇥ {1, . . . , K}:
�k � Dir(�) [draw distribution over words]

For each document m ⇥ {1, . . . , M}
✓m � Dir(↵) [draw distribution over topics]
For each word n ⇥ {1, . . . , Nm}

zmn � Mult(1, ✓m) [draw topic]
xmn � �zmi

[draw word]

The Finite IBP model generative process

For each component c ⇥ {1, . . . , C}: [columns]

�c � Beta( �
C , 1) [draw probability of component c]

For each topic k ⇥ {1, . . . , K}: [rows]
bkc � Bernoulli(�c)
[draw whether topic includes cth component in its PoE]

2.1 PoE

p(x|⌅1, . . . ,⌅C) =
⇥C

c=1 ⇤cx�V
v=1

⇥C
c=1 ⇤cv

(2)

2.2 IBP

Latent Dirichlet allocation generative process

For each topic k ⇥ {1, . . . , K}:
�k � Dir(�) [draw distribution over words]

For each document m ⇥ {1, . . . , M}
✓m � Dir(↵) [draw distribution over topics]
For each word n ⇥ {1, . . . , Nm}

zmn � Mult(1, ✓m) [draw topic]
xmn � �zmi

[draw word]

The Beta-Bernoulli model generative process

For each feature c ⇥ {1, . . . , C}: [columns]

�c � Beta( �
C , 1)

For each class k ⇥ {1, . . . , K}: [rows]
bkc � Bernoulli(�c)

2.3 Shared Components Topic Models

Generative process We can now present the formal generative process for the SCTM. For each
of the C shared components, we generate a distribution ⌅c over the V words from a Dirichlet
parametrized by ⇥. Next, we generate a K � C binary matrix using the finite IBP prior. We select
the probability ⇥c of each component c being on (bkc = 1) from a Beta distribution parametrized
by �/C. We then sample K topics (rows of the matrix), which combine component distributions,
where each position bkc is drawn from a Bernoulli parameterized by ⇥c. These components and the
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Sampling

Goal:
– Draw samples from the posterior 
– Integrate out topics ϕ and document-specific 

distribution over topics θ

Algorithm:
– While not done…

• For each document, m:
– For each word, n:

» Resample a single topic assignment using 
the full conditionals for zmn

p(Z|X,↵, �)
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Sampling

• What queries can we answer with samples 
of !"#?
– Mean of zmn
– Mode of zmn
– Estimate posterior over zmn
– Estimate of topics ϕ and document-specific 

distribution over topics θ
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Gibbs Sampling for LDA

• Full conditionals

Link: https://people.cs.umass.edu/~wallach/courses/s11/cmpsci791ss/readings/griffiths02gibbs.pdf

the number of instances of word !" assigned to topic j, not including current word.

total number of words assigned to topic j, not including the current one.

the number of words for document #" assigned to topic j.

total number of words in the document #" not including the current one.
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Gibbs Sampling for LDA

• Sketch of the derivation of the full 
conditionals
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For each topic k ⇤ {1, . . . ,K}:
⌅k � Dir(⇥) [draw distribution over words]

For each document m ⇤ {1, . . . ,M}
⇤m � Dir(�) [draw distribution over topics]
For each word n ⇤ {1, . . . , Nm}

zmn � Mult(1,⇤m) [draw topic assignment]
xmn � ⌅zmi

[draw word]

M

Nm K

xmn

zmn

⇤m

�

⌅k ⇥

Figure 1: The graphical model for the SCTM.

LDA Full Conditionals:

p(zi = k|Z�i, X,�,⇥) =
p(X, Z|�,⇥)

p(X, Z�i|�,⇥)
(2)

⇥ p(X, Z|�,⇥) (3)
= p(X|Z,⇥)p(Z|�) (4)

=
⇧

⇥
p(X|Z,⇥)p(⇥|⇥) d⇥

⇧

�
p(Z|�)p(�|�) d� (5)

=

�
K⌅

k=1

B(⇤nk + ⇥)
B(⇥)

⇥ �
M⌅

m=1

B(⇤nm + �)
B(�)

⇥
(6)

=
n�i

kt + ⇥t⇤T
v=1 n�i

kv + ⇥v

·
n�i

mk + �k⇤K
j=1 n�i

mj + �j

(7)

where t, m are given by i

(8)

Why conjugacy is great:

2

p(zi = j|z�i, X,↵,�) /
n(xi)
�i,j + �

n(·)
�i,j + T�

n(di)
�i,j + ↵

n(di)
�i,· +K↵

<latexit sha1_base64="hfIqb911FmJq3kvK18JsQedTUiA="></latexit><latexit sha1_base64="hfIqb911FmJq3kvK18JsQedTUiA="></latexit><latexit sha1_base64="hfIqb911FmJq3kvK18JsQedTUiA="></latexit><latexit sha1_base64="hfIqb911FmJq3kvK18JsQedTUiA="></latexit>

41



Gibbs Sampling for LDA

Algorithm

20

Algorithm LdaGibbs({⇧w},⇤, ⌅,K)
Input: word vectors {⇧w}, hyperparameters ⇤, ⌅, topic number K
Global data: count statistics {n(k)

m }, {n(t)
k } and their sums {nm}, {nk}, memory for full conditional array p(zi |·)

Output: topic associations {⇧z}, multinomial parameters ⇥ and �, hyperparameter estimates ⇤, ⌅
// initialisation

zero all count variables, n(k)
m , nm, n

(t)
k , nk

for all documents m ⇤ [1,M] do
for all words n ⇤ [1,Nm] in document m do

sample topic index zm,n=k ⇥ Mult(1/K)
increment document–topic count: n(k)

m += 1
increment document–topic sum: nm += 1
increment topic–term count: n(t)

k += 1
increment topic–term sum: nk += 1

// Gibbs sampling over burn-in period and sampling period

while not finished do
for all documents m ⇤ [1,M] do

for all words n ⇤ [1,Nm] in document m do
// for the current assignment of k to a term t for word wm,n:

decrement counts and sums: n(k)
m �= 1; nm �= 1; n(t)

k �= 1; nk �= 1
// multinomial sampling acc. to Eq. 78 (decrements from previous step):

sample topic index k̃ ⇥ p(zi |⇧z¬i, ⇧w)
// for the new assignment of zm,n to the term t for word wm,n:

increment counts and sums: n(k̃)
m += 1; nm += 1; n(t)

k̃
+= 1; nk̃ += 1

// check convergence and read out parameters

if converged and L sampling iterations since last read out then
// the different parameters read outs are averaged.

read out parameter set ⇥ according to Eq. 81
read out parameter set � according to Eq. 82

Fig. 9. Gibbs sampling algorithm for latent Dirichlet allocation

observed wm,n and the corresponding zm,n, the state variables of the Markov chain. The
strategy of integrating out some of the parameters for model inference is often referred
to as “collapsed” [Neal00] or Rao-Blackwellised [CaRo96] approach, which is often
used in Gibbs sampling.18

The target of inference is the distribution p(⇧z|⇧w), which is directly proportional to
the joint distribution

p(⇧z|⇧w) =
p(⇧z, ⇧w)
p(⇧w)

=

⇥W
i=1 p(zi,wi)

⇥W
i=1
�K

k=1 p(zi=k,wi)
(62)

where the hyperparameters are omitted. This distribution covers a large space of dis-
crete random variables, and the di�cult part for evaluation is its denominator, which
represents a summation over KW terms. At this point, the Gibbs sampling procedure
comes into play. In our setting, the desired Gibbs sampler runs a Markov chain that

18 Cf. the non-collapsed strategy pursued in the similar admixture model of [PSD00].
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Gibbs Sampling for LDA

Algorithm

20

Algorithm LdaGibbs({⇧w},⇤, ⌅,K)
Input: word vectors {⇧w}, hyperparameters ⇤, ⌅, topic number K
Global data: count statistics {n(k)

m }, {n(t)
k } and their sums {nm}, {nk}, memory for full conditional array p(zi |·)

Output: topic associations {⇧z}, multinomial parameters ⇥ and �, hyperparameter estimates ⇤, ⌅
// initialisation

zero all count variables, n(k)
m , nm, n

(t)
k , nk

for all documents m ⇤ [1,M] do
for all words n ⇤ [1,Nm] in document m do

sample topic index zm,n=k ⇥ Mult(1/K)
increment document–topic count: n(k)

m += 1
increment document–topic sum: nm += 1
increment topic–term count: n(t)

k += 1
increment topic–term sum: nk += 1

// Gibbs sampling over burn-in period and sampling period

while not finished do
for all documents m ⇤ [1,M] do

for all words n ⇤ [1,Nm] in document m do
// for the current assignment of k to a term t for word wm,n:

decrement counts and sums: n(k)
m �= 1; nm �= 1; n(t)

k �= 1; nk �= 1
// multinomial sampling acc. to Eq. 78 (decrements from previous step):

sample topic index k̃ ⇥ p(zi |⇧z¬i, ⇧w)
// for the new assignment of zm,n to the term t for word wm,n:

increment counts and sums: n(k̃)
m += 1; nm += 1; n(t)

k̃
+= 1; nk̃ += 1

// check convergence and read out parameters

if converged and L sampling iterations since last read out then
// the different parameters read outs are averaged.

read out parameter set ⇥ according to Eq. 81
read out parameter set � according to Eq. 82

Fig. 9. Gibbs sampling algorithm for latent Dirichlet allocation

observed wm,n and the corresponding zm,n, the state variables of the Markov chain. The
strategy of integrating out some of the parameters for model inference is often referred
to as “collapsed” [Neal00] or Rao-Blackwellised [CaRo96] approach, which is often
used in Gibbs sampling.18

The target of inference is the distribution p(⇧z|⇧w), which is directly proportional to
the joint distribution

p(⇧z|⇧w) =
p(⇧z, ⇧w)
p(⇧w)

=

⇥W
i=1 p(zi,wi)

⇥W
i=1
�K

k=1 p(zi=k,wi)
(62)

where the hyperparameters are omitted. This distribution covers a large space of dis-
crete random variables, and the di�cult part for evaluation is its denominator, which
represents a summation over KW terms. At this point, the Gibbs sampling procedure
comes into play. In our setting, the desired Gibbs sampler runs a Markov chain that

18 Cf. the non-collapsed strategy pursued in the similar admixture model of [PSD00].
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