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Approaches to inference
l Exact inference algorithms

l The elimination algorithm
l Message-passing algorithm (sum-product, belief propagation)
l The junction tree algorithms      

l Approximate inference techniques
l Variational algorithms

l Loopy belief propagation 
l Mean field approximation 

l Stochastic simulation / sampling methods
l Markov chain Monte Carlo methods
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Recap: Rejection Sampling

Steps:
• Find Q(x) that is easy to sample from.
• Find k such that k such that:

• Sample auxiliary variable y

accept the sample with probability P(y=1|x) 

P̃ (x)

kQ(x)
< 1
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P(y = 1|x) = P̃ (x)

kQ(x)
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Recap: Importance Sampling Importance sampling (2)

Previous slide assumed we could evaluate P (x) = P̃ (x)/ZP

∫
f(x)P (x) dx ≈ ZQ

ZP

1

S

S∑

s=1

f(x(s))
P̃ (x(s))

Q̃(x(s))︸ ︷︷ ︸
r̃(s)

, x(s) ∼ Q(x)

≈
✄
✄
✄
✄
✄✄1

S

S∑

s=1

f(x(s))
r̃(s)

✁
✁
✁✁1

S

∑
s′ r̃

(s′)
≡

S∑

s=1

f(x(s))w(s)

This estimator is consistent but biased

Exercise: Prove that ZP/ZQ ≈ 1
S

∑
s r̃(s)

Let !",⋯ , !% be samples from q(x). 

Z

x
f(x)p(x) =

R
x f(x)

p̃(x)
q̃(x)q(x)R

x
p̃(x)
q̃(x)q(x)
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Z

x
f(x)p(x) ⇡

P
l f(x

l) p̃(x
l)

q̃(xl)
P

l
p̃(xl)
q̃(xl)

=
LX

l=1

f(xl)wl
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Ex⇠p [f(x)] =
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Recap: Particle Filters
Apply the importance sampling to a temporal distribution !(#$:&)

General idea, change the proposal in each step: ( #& #$:&)

The recursion rule:

Forward message:



Summary so far
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General ideas for the sampling approaches
• Proposal distribution (q(x)): Use another distribution 

to sample from.
• Change the proposal distribution with the 

iterations.

• Introduce an auxiliary variable to decide keeping a 
sample or not.
• Why should we discard samples?

• Sampling from high-dimension is difficult.
• Let’s incorporate the graphical model into our 

sampling strategy.

• Can we use the gradient of the p(x)?
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General ideas for the sampling approaches
• Proposal distribution (q(x)): Use another distribution 

to sample from.
• Change the proposal distribution with the 

iterations.

• Introduce an auxiliary variable to decide keeping a 
sample or not.
• Why should we discard samples?

• Sampling from high-dimension is difficult.
• Let’s incorporate the graphical model into our 

sampling strategy.

• Can we use the gradient of the p(x)?



Random Walks of the Annoying Fly

Room 1 Room 2 Room 3

p(xt+1 = i|xt = j) = Mij2

4
0.7 0.5 0
0.3 0.3 0.5
0 0.2 0.5

3

5

Stationary distribution:

Mv1 = v1
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Eigen vector of the 
Markov matrix



GIBBS SAMPLING
Exploiting the structure
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Gibbs Sampling
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370 29 — Monte Carlo Methods

(a)
x1

x2

P (x)

(b)
x1

x2

P (x1 |x(t)
2 )

x(t)

(c)
x1

x2

P (x2 |x1)

(d)
x1

x2

x(t)

x(t+1)

x(t+2)

Figure 29.13. Gibbs sampling.
(a) The joint density P (x) from
which samples are required. (b)
Starting from a state x(t), x1 is
sampled from the conditional
density P (x1 |x(t)

2 ). (c) A sample
is then made from the conditional
density P (x2 |x1). (d) A couple of
iterations of Gibbs sampling.

This is good news and bad news. It is good news because, unlike the
cases of rejection sampling and importance sampling, there is no catastrophic
dependence on the dimensionality N . Our computer will give useful answers
in a time shorter than the age of the universe. But it is bad news all the same,
because this quadratic dependence on the lengthscale-ratio may still force us
to make very lengthy simulations.

Fortunately, there are methods for suppressing random walks in Monte
Carlo simulations, which we will discuss in the next chapter.

29.5 Gibbs sampling

We introduced importance sampling, rejection sampling and the Metropolis
method using one-dimensional examples. Gibbs sampling, also known as the
heat bath method or ‘Glauber dynamics’, is a method for sampling from dis-
tributions over at least two dimensions. Gibbs sampling can be viewed as a
Metropolis method in which a sequence of proposal distributions Q are defined
in terms of the conditional distributions of the joint distribution P (x). It is
assumed that, whilst P (x) is too complex to draw samples from directly, its
conditional distributions P (xi | {xj}j ̸=i) are tractable to work with. For many
graphical models (but not all) these one-dimensional conditional distributions
are straightforward to sample from. For example, if a Gaussian distribution
for some variables d has an unknown mean m, and the prior distribution of m
is Gaussian, then the conditional distribution of m given d is also Gaussian.
Conditional distributions that are not of standard form may still be sampled
from by adaptive rejection sampling if the conditional distribution satisfies
certain convexity properties (Gilks and Wild, 1992).

Gibbs sampling is illustrated for a case with two variables (x1, x2) = x
in figure 29.13. On each iteration, we start from the current state x(t), and
x1 is sampled from the conditional density P (x1 |x2), with x2 fixed to x(t)

2 .
A sample x2 is then made from the conditional density P (x2 |x1), using the

p(x)

p(x1|x(t)
2 )

x(t)
x(t+1)

• Sample one (block of) variable at the time
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Figure 29.13. Gibbs sampling.
(a) The joint density P (x) from
which samples are required. (b)
Starting from a state x(t), x1 is
sampled from the conditional
density P (x1 |x(t)

2 ). (c) A sample
is then made from the conditional
density P (x2 |x1). (d) A couple of
iterations of Gibbs sampling.

This is good news and bad news. It is good news because, unlike the
cases of rejection sampling and importance sampling, there is no catastrophic
dependence on the dimensionality N . Our computer will give useful answers
in a time shorter than the age of the universe. But it is bad news all the same,
because this quadratic dependence on the lengthscale-ratio may still force us
to make very lengthy simulations.

Fortunately, there are methods for suppressing random walks in Monte
Carlo simulations, which we will discuss in the next chapter.

29.5 Gibbs sampling

We introduced importance sampling, rejection sampling and the Metropolis
method using one-dimensional examples. Gibbs sampling, also known as the
heat bath method or ‘Glauber dynamics’, is a method for sampling from dis-
tributions over at least two dimensions. Gibbs sampling can be viewed as a
Metropolis method in which a sequence of proposal distributions Q are defined
in terms of the conditional distributions of the joint distribution P (x). It is
assumed that, whilst P (x) is too complex to draw samples from directly, its
conditional distributions P (xi | {xj}j ̸=i) are tractable to work with. For many
graphical models (but not all) these one-dimensional conditional distributions
are straightforward to sample from. For example, if a Gaussian distribution
for some variables d has an unknown mean m, and the prior distribution of m
is Gaussian, then the conditional distribution of m given d is also Gaussian.
Conditional distributions that are not of standard form may still be sampled
from by adaptive rejection sampling if the conditional distribution satisfies
certain convexity properties (Gilks and Wild, 1992).

Gibbs sampling is illustrated for a case with two variables (x1, x2) = x
in figure 29.13. On each iteration, we start from the current state x(t), and
x1 is sampled from the conditional density P (x1 |x2), with x2 fixed to x(t)

2 .
A sample x2 is then made from the conditional density P (x2 |x1), using the

p(x)

x(t+1)

x(t+2)

p(x2|x(t+1)
1 )

x(t)
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(a) The joint density P (x) from
which samples are required. (b)
Starting from a state x(t), x1 is
sampled from the conditional
density P (x1 |x(t)

2 ). (c) A sample
is then made from the conditional
density P (x2 |x1). (d) A couple of
iterations of Gibbs sampling.

This is good news and bad news. It is good news because, unlike the
cases of rejection sampling and importance sampling, there is no catastrophic
dependence on the dimensionality N . Our computer will give useful answers
in a time shorter than the age of the universe. But it is bad news all the same,
because this quadratic dependence on the lengthscale-ratio may still force us
to make very lengthy simulations.

Fortunately, there are methods for suppressing random walks in Monte
Carlo simulations, which we will discuss in the next chapter.

29.5 Gibbs sampling

We introduced importance sampling, rejection sampling and the Metropolis
method using one-dimensional examples. Gibbs sampling, also known as the
heat bath method or ‘Glauber dynamics’, is a method for sampling from dis-
tributions over at least two dimensions. Gibbs sampling can be viewed as a
Metropolis method in which a sequence of proposal distributions Q are defined
in terms of the conditional distributions of the joint distribution P (x). It is
assumed that, whilst P (x) is too complex to draw samples from directly, its
conditional distributions P (xi | {xj}j ̸=i) are tractable to work with. For many
graphical models (but not all) these one-dimensional conditional distributions
are straightforward to sample from. For example, if a Gaussian distribution
for some variables d has an unknown mean m, and the prior distribution of m
is Gaussian, then the conditional distribution of m given d is also Gaussian.
Conditional distributions that are not of standard form may still be sampled
from by adaptive rejection sampling if the conditional distribution satisfies
certain convexity properties (Gilks and Wild, 1992).

Gibbs sampling is illustrated for a case with two variables (x1, x2) = x
in figure 29.13. On each iteration, we start from the current state x(t), and
x1 is sampled from the conditional density P (x1 |x2), with x2 fixed to x(t)

2 .
A sample x2 is then made from the conditional density P (x2 |x1), using the

p(x)
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1.3. GIBBS SAMPLING 25

drawn from conditional distributions . In the case of graphical models, the conditional
distributions for individual nodes depend only on the variables in the corresponding Markov blan-
kets, as illustrated in Figure ??. For directed graphs, a very broad choice of conditional distribu-

(a) (b)

Figure 1.15: The Gibbs sampling requires samples to be drawn from the conditional distribution of
a variable conditioned on the remaining variables. For graphical models, this conditional distribu-
tion is a function only of the states of the nodes in the Markov blanket. In the case of an undirected
graph (a) this comprises the set of neighbours while for a directed graph (b) the Markov blanket
comprises the parents, the children and the co-parents.

tions for the individual nodes conditioned on their parents will lead to conditional distributions
for Gibbs sampling which are log concave. The adaptive rejection sampling methods discussed
in Section ?? therefore provide a framework for Monte Carlo sampling from directed graphs with
broad applicability.

As with the Metropolis algorithm, we can gain some insight into the behaviour of Gibbs sam-
pling by investigating its application to a Gaussian distribution. Consider a correlated Gaussian in
two variables, as illustrated in Figure ??, having a conditional distribution of width and a marginal
distribution of width . The typical step size is governed by the conditional distributions and will
be of order . Since the state evolves according to a random walk, the number of steps needed to ob-
tain independent samples from the distribution will be of order . Of course if the Gaussian
distribution were uncorrelated then the Gibbs sampling procedure would be optimally efficient.
For this simple problem we could rotate the coordinate system in order to decorrelate the variable,
however, in practical applications it will generally be infeasible to find such transformations.

One approach to reducing random walk behaviour in Gibbs sampling is called over-relaxation.
In its original form this applies to problems for which the conditional distributions are Gaussian.
This represents a more general class of distributions than the multi-variate Gaussian, since for ex-
ample the non-Gaussian distribution has Gaussian conditional distributions.
At each step of the Gibbs sampling algorithm the conditional distribution for a particular compo-
nent has some mean and some variance . In the over-relaxation framework the value of
is replaced with

(1.55)

where is a Gaussian random variate with zero mean and unit variance, and is a parameter such
that . For the method is equivalent to standard Gibbs sampling. When is
negative the step is biased to the opposite side of the mean. It is easily seen that this step leaves the
desired distribution invariant since if has mean and variance , then so too does . Also it
is clear that if the original Gibbs sampling is ergodic, then the over-relaxed version will be ergodic

Figure from Jordan Ch. 21
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At each step of the Gibbs sampling algorithm the conditional distribution for a particular compo-
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LDA Inference

• Bayesian Approach
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Figure 1: The graphical model for the SCTM.

2 SCTM

A Product of Experts (PoE) [1] model p(x|⌅1, . . . ,⌅C) =
QC

c=1 ⇥cxPV
v=1

QC
c=1 ⇥cv

, where there are C

components, and the summation in the denominator is over all possible feature types.

Latent Dirichlet allocation generative process

For each topic k ⇥ {1, . . . , K}:
�k � Dir(�) [draw distribution over words]

For each document m ⇥ {1, . . . , M}
✓m � Dir(↵) [draw distribution over topics]
For each word n ⇥ {1, . . . , Nm}

zmn � Mult(1, ✓m) [draw topic]
xmn � �zmi

[draw word]

The Finite IBP model generative process

For each component c ⇥ {1, . . . , C}: [columns]

�c � Beta( �
C , 1) [draw probability of component c]

For each topic k ⇥ {1, . . . , K}: [rows]
bkc � Bernoulli(�c)
[draw whether topic includes cth component in its PoE]

2.1 PoE

p(x|⌅1, . . . ,⌅C) =
⇥C

c=1 ⇤cx�V
v=1

⇥C
c=1 ⇤cv

(2)

2.2 IBP

Latent Dirichlet allocation generative process

For each topic k ⇥ {1, . . . , K}:
�k � Dir(�) [draw distribution over words]

For each document m ⇥ {1, . . . , M}
✓m � Dir(↵) [draw distribution over topics]
For each word n ⇥ {1, . . . , Nm}

zmn � Mult(1, ✓m) [draw topic]
xmn � �zmi

[draw word]

The Beta-Bernoulli model generative process

For each feature c ⇥ {1, . . . , C}: [columns]

�c � Beta( �
C , 1)

For each class k ⇥ {1, . . . , K}: [rows]
bkc � Bernoulli(�c)

2.3 Shared Components Topic Models

Generative process We can now present the formal generative process for the SCTM. For each
of the C shared components, we generate a distribution ⌅c over the V words from a Dirichlet
parametrized by ⇥. Next, we generate a K � C binary matrix using the finite IBP prior. We select
the probability ⇥c of each component c being on (bkc = 1) from a Beta distribution parametrized
by �/C. We then sample K topics (rows of the matrix), which combine component distributions,
where each position bkc is drawn from a Bernoulli parameterized by ⇥c. These components and the

2

Dirichlet

Document-specific 
topic distribution

Topic assignment

Observed word

Topic Dirichlet

Exact Inference?

Intractable
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LDA Inference

• Explicit Gibbs Sampler
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Figure 1: The graphical model for the SCTM.

2 SCTM

A Product of Experts (PoE) [1] model p(x|⌅1, . . . ,⌅C) =
QC

c=1 ⇥cxPV
v=1

QC
c=1 ⇥cv

, where there are C

components, and the summation in the denominator is over all possible feature types.

Latent Dirichlet allocation generative process

For each topic k ⇥ {1, . . . , K}:
�k � Dir(�) [draw distribution over words]

For each document m ⇥ {1, . . . , M}
✓m � Dir(↵) [draw distribution over topics]
For each word n ⇥ {1, . . . , Nm}

zmn � Mult(1, ✓m) [draw topic]
xmn � �zmi

[draw word]

The Finite IBP model generative process

For each component c ⇥ {1, . . . , C}: [columns]

�c � Beta( �
C , 1) [draw probability of component c]

For each topic k ⇥ {1, . . . , K}: [rows]
bkc � Bernoulli(�c)
[draw whether topic includes cth component in its PoE]

2.1 PoE

p(x|⌅1, . . . ,⌅C) =
⇥C

c=1 ⇤cx�V
v=1

⇥C
c=1 ⇤cv

(2)

2.2 IBP

Latent Dirichlet allocation generative process

For each topic k ⇥ {1, . . . , K}:
�k � Dir(�) [draw distribution over words]

For each document m ⇥ {1, . . . , M}
✓m � Dir(↵) [draw distribution over topics]
For each word n ⇥ {1, . . . , Nm}

zmn � Mult(1, ✓m) [draw topic]
xmn � �zmi

[draw word]

The Beta-Bernoulli model generative process

For each feature c ⇥ {1, . . . , C}: [columns]

�c � Beta( �
C , 1)

For each class k ⇥ {1, . . . , K}: [rows]
bkc � Bernoulli(�c)

2.3 Shared Components Topic Models

Generative process We can now present the formal generative process for the SCTM. For each
of the C shared components, we generate a distribution ⌅c over the V words from a Dirichlet
parametrized by ⇥. Next, we generate a K � C binary matrix using the finite IBP prior. We select
the probability ⇥c of each component c being on (bkc = 1) from a Beta distribution parametrized
by �/C. We then sample K topics (rows of the matrix), which combine component distributions,
where each position bkc is drawn from a Bernoulli parameterized by ⇥c. These components and the
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LDA Inference

• Collapsed Gibbs Sampler
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Figure 1: The graphical model for the SCTM.

2 SCTM

A Product of Experts (PoE) [1] model p(x|⌅1, . . . ,⌅C) =
QC

c=1 ⇥cxPV
v=1

QC
c=1 ⇥cv

, where there are C

components, and the summation in the denominator is over all possible feature types.

Latent Dirichlet allocation generative process

For each topic k ⇥ {1, . . . , K}:
�k � Dir(�) [draw distribution over words]

For each document m ⇥ {1, . . . , M}
✓m � Dir(↵) [draw distribution over topics]
For each word n ⇥ {1, . . . , Nm}

zmn � Mult(1, ✓m) [draw topic]
xmn � �zmi

[draw word]

The Finite IBP model generative process

For each component c ⇥ {1, . . . , C}: [columns]

�c � Beta( �
C , 1) [draw probability of component c]

For each topic k ⇥ {1, . . . , K}: [rows]
bkc � Bernoulli(�c)
[draw whether topic includes cth component in its PoE]

2.1 PoE

p(x|⌅1, . . . ,⌅C) =
⇥C

c=1 ⇤cx�V
v=1

⇥C
c=1 ⇤cv

(2)

2.2 IBP

Latent Dirichlet allocation generative process

For each topic k ⇥ {1, . . . , K}:
�k � Dir(�) [draw distribution over words]

For each document m ⇥ {1, . . . , M}
✓m � Dir(↵) [draw distribution over topics]
For each word n ⇥ {1, . . . , Nm}

zmn � Mult(1, ✓m) [draw topic]
xmn � �zmi

[draw word]

The Beta-Bernoulli model generative process

For each feature c ⇥ {1, . . . , C}: [columns]

�c � Beta( �
C , 1)

For each class k ⇥ {1, . . . , K}: [rows]
bkc � Bernoulli(�c)

2.3 Shared Components Topic Models

Generative process We can now present the formal generative process for the SCTM. For each
of the C shared components, we generate a distribution ⌅c over the V words from a Dirichlet
parametrized by ⇥. Next, we generate a K � C binary matrix using the finite IBP prior. We select
the probability ⇥c of each component c being on (bkc = 1) from a Beta distribution parametrized
by �/C. We then sample K topics (rows of the matrix), which combine component distributions,
where each position bkc is drawn from a Bernoulli parameterized by ⇥c. These components and the
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Sampling

Goal:
– Draw samples from the posterior 
– Integrate out topics ϕ and document-specific 

distribution over topics θ

Algorithm:
– While not done…

• For each document, m:
– For each word, n:

» Resample a single topic assignment using 
the full conditionals for zmn

p(Z|X,↵, �)
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Sampling

• What queries can we answer with samples 
of !"#?
– Mean of zmn
– Mode of zmn
– Estimate posterior over zmn
– Estimate of topics ϕ and document-specific 

distribution over topics θ
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Gibbs Sampling for LDA

• Full conditionals

Link: https://people.cs.umass.edu/~wallach/courses/s11/cmpsci791ss/readings/griffiths02gibbs.pdf

the number of instances of word !" assigned to topic j, not including current word.

total number of words assigned to topic j, not including the current one.

the number of words for document #" assigned to topic j.

total number of words in the document #" not including the current one.
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Gibbs Sampling for LDA

• Sketch of the derivation of the full 
conditionals
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For each topic k ⇤ {1, . . . ,K}:
⌅k � Dir(⇥) [draw distribution over words]

For each document m ⇤ {1, . . . ,M}
⇤m � Dir(�) [draw distribution over topics]
For each word n ⇤ {1, . . . , Nm}

zmn � Mult(1,⇤m) [draw topic assignment]
xmn � ⌅zmi

[draw word]

M

Nm K

xmn

zmn

⇤m

�

⌅k ⇥

Figure 1: The graphical model for the SCTM.

LDA Full Conditionals:

p(zi = k|Z�i, X,�,⇥) =
p(X, Z|�,⇥)

p(X, Z�i|�,⇥)
(2)

⇥ p(X, Z|�,⇥) (3)
= p(X|Z,⇥)p(Z|�) (4)

=
⇧

⇥
p(X|Z,⇥)p(⇥|⇥) d⇥

⇧

�
p(Z|�)p(�|�) d� (5)

=

�
K⌅

k=1

B(⇤nk + ⇥)
B(⇥)

⇥ �
M⌅

m=1

B(⇤nm + �)
B(�)

⇥
(6)

=
n�i

kt + ⇥t⇤T
v=1 n�i

kv + ⇥v

·
n�i

mk + �k⇤K
j=1 n�i

mj + �j

(7)

where t, m are given by i

(8)

Why conjugacy is great:

2
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MARKOV CHAINS
Definitions and Theoretical Justification for MCMC

28



MCMC

• Goal: Draw approximate, correlated samples 
from a target distribution p(x)

• MCMC: Performs a biased random walk to 
explore the distribution

29



Simulations of MCMC

30

Visualization of Metroplis-Hastings, Gibbs 
Sampling, and Hamiltonian MCMC:

https://www.youtube.com/watch?v=Vv3f0QNWvWQ

https://www.youtube.com/watch?v=Vv3f0QNWvWQ


Metropolis-Hastings Sampling

• Consider this mixture for the proposal

31

Stay where you 
are Or ….

Sample from a distribution 
depends on current location (x)

Choose between those options with a 
probability that depends on a proposed point 

and current point (0 ≤ # $%, $ ≤ 1)

Of course! It should be a proper density!



Metropolis-Hastings Sampling

• Consider this mixture for the proposal

32

• Is it a proper density?



Metropolis-Hastings Sampling

• Consider this mixture for the proposal

33

• How to choose !(#′, #) and '((#)|#)?
p(x) must be the 

Stationary distribution



Designing !(#$, #)

34

• MH acceptance function:



Designing !(#$, #)
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• MH acceptance function:

• Detailed Balance:



Detailed Balance

Detailed balance means that, for each pair of 
states x and x’,

arriving at x then x’ and arriving at x’ then x
are equiprobable.

36

x

x'

x

x'



A choice for !(#′|#)
• For Metropolis-Hastings, a generic proposal 

distribution is:

• If ϵ is large, many rejections
• If ϵ is small, slow mixing

37

�max

�min

⇢✏

p(x)

q(x|x(t))

Figure from Bishop (2006)

q(x|x(t)) = N (0, ✏2)



A choice for !(#′|#)
• For Rejection Sampling, the accepted samples 

are are independent
• But for Metropolis-Hastings, the samples are 
correlated

• Question: How long must we wait to get 
effectively independent samples?

38

�max

�min

⇢✏

p(x)

q(x|x(t))

A: independent 
states in the M-H 
random walk are 
separated  by 
roughly
steps 

(�max/�min)
2

Figure from Bishop (2006)



Metropolis-Hastings Algorithm

39



Practical Issues
• Question: Is it better to move along one dimension 

or many?

• Answer: For Metropolis-Hasings, it is sometimes 
better to sample one dimension at a time
– Q: Given a sequence of 1D proposals, compare rate of 

movement for one-at-a-time vs. concatenation.

• Answer: For Gibbs Sampling, sometimes better to 
sample a block of variables at a time
– Q: When is it tractable to sample a block of variables?

42



Practical Issues
• Question: How do we assess convergence of 

the Markov chain?
• Answer: It’s not easy!
– Compare statistics of multiple independent chains
– Ex: Compare log-likelihoods
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Practical Issues
• Question: How do we assess convergence of 

the Markov chain?
• Answer: It’s not easy!
– Compare statistics of multiple independent chains
– Ex: Compare log-likelihoods
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Practical Issues
• Question: Is one long Markov chain better than many 

short ones?
• Note: typical to discard initial samples (aka. “burn-

in”) since the chain might not yet have mixed

46

• Answer: Often a balance is 
best:
– Compared to one long chain: 

More independent samples 
– Compared to many small 

chains: Less samples 
discarded for burn-in 

– We can still parallelize
– Allows us to assess mixing 

by comparing chains


